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ABSTRACT 
The equations of motion of many interacting particles can be solved 
simultaneously using modern computers. Given the initial conditions, the 
subsequent behavior of all of the particles can be calculated and examined 
in graphs and motion pictures. The results of such computer experiments 
have led to new insights in many areas of plasma physics. 
Plasmas a r e  p a r t i a l l y  or f u l l y  i o n i z e d  gases .  A gas  may be i o n i z e d  
by s imply h e a t i n g  it  or a plasma may be produced s y n t h e t i c a l l y  by com- 
b i n i n g  e l e c t r o n s  and i o n s  from sources  of t h e s e  p a r t i c l e s .  A plasma is 
n e a r l y  e l e c t r i c a l l y  n e u t r a l ;  t h e r e  a r e  n e a r l y  equa l  numbers of n e g a t i v e l y  
charged e l e c t r o n s  and p o s i t i v e l y  charged  i o n s ,  bu t  t h e r e  may be l a r g e  
r e l a t i v e  d r i f t  motions of  one s p e c i e s ,  such as t h e  e l e c t r o n s ,  th rough 
t h e  i o n s  w i t h i n  t h e  n e a r l y  n e u t r a l  plasma. 
Plasmas were s t u d i e d  i n t e n s i v e l y  i n  t h e  l a t e  1920 ' s  and e a r l y  1930 ' s  
and t h e n  work i n  t h i s  f i e l d  t ape red  o f f  u n t i l  a f t e r  t h e  hydrogen bomb was 
exploded .  Then it became clear  t h a t  c o n t r o l l e d  thermonuclear  f u s i o n  re- 
a c t i o n s  of t h e  l i g h t  e lements  were a t  l e a s t  t h e o r e t i c a l l y  p o s s i b l e ,  i f  
very  ho t  plasmas of ve ry  h igh  d e n s i t i e s  could be con ta ined  f o r  t i m e s  o f  
t h e  o r d e r  of microseconds t o  m i l l i s e c o n d s ,  A very  s u b s t a n t i a l  r e s e a r c h  
e f f o r t  i n  t h i s  f i e l d  h a s  s i n c e  been c a r r i e d  ou t  i n  t h e  U . S . ,  t h e  S o v i e t  
Union, England, France,  and West Germany. In  t h e  U.S. t h e  a l l o c a t i o n  of 
funds  t o  t h i s  program h a s  been a t  t h e  r a t e  of about  25 m i l l i o n  d o l l a r s  
p e r  yea r  and t h e  B r i t i s h  e f f o r t  h a s  been a t  about  h a l f  t h i s  l e v e l .  The 
payoff  t h a t  i s  hoped f o r  is  a new s o u r c e  of power i n  almost  u n l i m i t e d  
amounts w i th  n e a r  z e r o  f u e l  c o s t s .  
One c l e a r  r e s u l t  of about 7 y e a r s  of  ha rd  work i s  t h a t  a c o n t r o l l e d  
thermonuclear  r e a c t o r  i s  n o t  easy t o  b u i l d .  The most p r e s s i n g  need i n  
t h i s  a r e a  has  been a deepe r  unde r s t and ing  of t h e  behavior  of plasmas.  
T i m e  a f t e r  t i m e  machines have been b u i l t  t h a t  f a i l e d  t o  f u n c t i o n  as ex- 
pec ted ,  and t h e n  i n  unders tanding  why t h e  machine f a i l e d ,  a new t y p e  of 
plasma behav io r  has  been uncovered. There  a r e  many o t h e r  a p p l i c a t i o n s  
f o r  plasmas such a s  i o n  p ropu l s ion ,  magnetohydrodynamic power g e n e r a t i o n ,  
t he rmion ic  energy c o n v e r t e r s ,  and high-power, high-speed swi t ches .  I n  
a d d i t i o n  t h e  f i e l d s  of a s t r o p h y s i c s  and of geophys ics  a r e  l a r g e l y  con- 
cerned  w i t h  t h e  behavior  of  t h e  plasmas t h a t  f i l l  most of t h e  space  
beyond t h e  atmosphere.  Outs ide  of a few p l a n e t s ,  t h e  u n i v e r s e  i s  be- 
l i e v e d  t o  be i n  t h e  plasma s t a t e  of m a t t e r ,  bo th  i n  i n t e r s t e l l a r  space  
and w i t h i n  t h e  s t a r s  themselves .  In  a l l  of t h e s e  a r e a s  t h e  b a s i c  s t a t i c  
behav io r  of plasmas i s  j u s t  a s  could  have been p r e d i c t e d  i n  t h e  30 ' s  from 
t h e  i d e a s  and experiments  of I r v i n g  Langmuir and h i s  co-workers.  The 
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d i f f i c u l t i e s  a r i s e  i n  connec t ion  w i t h  t h e  dynamic, t ime-varying behavior  
of  a plasma t h a t  i s  not  i n  thermodynamic e q u i l i b r i u m .  
The p h y s i c a l  laws t h a t  govern most of t h e  dynamic behavior  of plasmas 
were known n e a r l y  100 y e a r s  ago--they a r e  Newton's laws of  p a r t i c l e  motion 
and Maxwell ' s  f i e l d  e q u a t i o n s .  Y e t  plasmas a r e  p o o r l y  unders tood  media. 
They have been c a l l e d  c a p r i c i o u s  and u n p r e d i c t a b l e ,  There i s  g e n e r a l  
agreement t h a t  such p r e s e n t - c e n t u r y  d i s c o v e r i e s  a s  r e l a t i v i t y  and quantum 
mechanics have l i t t l e  o r  no b e a r i n g  on most of t h e  b a s i c  m y s t e r i e s  of 
plasma phenomena, nor  can t h e  d i s c o v e r y  of  new n u c l e a r  i n t e r a c t i o n s  and 
s t r a n g e  p a r t i c l e s  do a n y t h i n g  t o  s o l v e  t h e  problems of t h e  plasma p h y s i c i s t .  
The s i m p l e  reason  why w e  have f a i l e d  t o  unders tand  plasmas i s  t h a t  t h e y  
c o n t a i n  t o o  many s i m u l t a n e o u s l y  i n t e r a c t i n g  p a r t i c l e s .  The law of i n t e r -  
a c t i o n  between any p a i r  o f  p a r t i c l e s  i s ,  however, known a c c u r a t e l y .  
The behavior  of  a l a r g e  p o p u l a t i o n  of i n t e r a c t i n g  p a r t i c l e s ,  p e r s o n s ,  
molecules ,  o r  o t h e r  u n i t s  can be approached from two r a t h e r  d i f f e r e n t  
p o i n t s  of view. I n  t h e  f i r s t  method, t h e  laws govern ing  t h e  behavior  of  
t h e  i n d i v i d u a l  p a r t i c l e s  when i n t e r a c t i n g  w i t h  one o r  more o t h e r  p a r t i c l e s  
a r e  c a r e f u l l y  d e s c r i b e d  f o r  each p a r t i c l e .  Then a set of e q u a t i o n s ,  w i t h  
t y p i c a l l y  one or two e q u a t i o n s  p e r  p a r t i c l e ,  i s  set up t o  d e s c r i b e  t h e  
o v e r a l l  behavior  o f  t h e  t o t a l  p o p u l a t i o n  and s o l v e d  s i m u l t a n e o u s l y .  
I n  t h e  second method, t h e  s y s t e m  of i n t e r a c t i n g  p a r t i c l e s  i s  viewed 
a s  a s i n g l e  aggrega te  which h a s  p r o p e r t i e s  a s  an  a g g r e g a t e  t h a t  may vary  
w i t h  p o s i t i o n  and t i m e ,  but  t h a t  a r e  n o t  dependent on t h e  i n d i v i d u a l  
p a r t i c l e  behavior ,  except  i n  a s t a t i s t i c a l  s e n s e .  Normally t h i s  second 
approach l e a d s  t o  a much s i m p l e r  a n a l y s i s ,  r e q u i r i n g  o n l y  a few e q u a t i o n s  
t o  d e s c r i b e  t h e  e n t i r e  p o p u l a t i o n ,  and i t  h a s  formed t h e  b a s i s  f o r  much 
of t h e  p r o g r e s s  i n  p h y s i c s ,  a s  w e l l  a s  i n  many o t h e r  s c i e n t i f i c  d i s c i -  
p l  i n e s  . 
I n  p h y s i c s ,  t h e  i n d i v i d u a l  p a r t i c l e  model was f i r s t  a p p l i e d  t o  
c e l e s t i a l  mechanics, where many i n t e r e s t i n g  problems i n v o l v i n g  t h e  motion 
of Small  numbers of p a r t i c l e s  e x i s t e d .  The approach was g e n e r a l i z e d  and 
developed t o  a n  advanced l e v e l  b y  Joseph Lagrange (1736-1813) and i s  gen- 
e r a l l y  r e f e r r e d  t o  a s  t h e  "Lagrangian" model. The second model h a s  been 
used t o  d e a l  w i t h  t h e  motion o f  f l u i d s  and g a s e s ,  bo th  i n  t h e  conven- 
t i o n a l  mechanics of uncharged media and i n  plasma p h y s i c s  where c h a r g e  
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and c u r r e n t  d i s t r i b u t i o n s  a r e  impor tan t .  
r e s p o n s i b l e  f o r  b r i n g i n g  t h e  f l u i d  model t o  a h i g h  s t a t e  of development 
and one speaks  of t h e  "Eulerian" model i n  t h i s  connec t ion .  I n  t h e  
E u l e r i a n  approach,  one sits and coun t s  t h e  p a r t i c l e s  p r e s e n t  a t  each 
i n s t a n t  i n  every sma l l  r e g i o n  of s p a c e  and t h a t  have  v e l o c i t y  components 
w i t h i n  c e r t a i n  sma l l  l i m i t s ,  In t h e  Lagrangian approach one a t t r i b u t e s  
i n d i v i d u a l i t y  t o  t h e  p a r t i c l e s  and t h e n  f o l l o w s  each p a r t i c l e  through 
space  and t i m e .  One t a k e s  a census of t h e  p o p u l a t i o n  o n l y  when needed 
f o r  t h e  e v a l u a t i o n  of macroscopic f i e l d s ,  o r  when macroscopic  averages  
a r e  d e f i n i t e l y  asked f o r .  
Leonhard Euler (1707-1783) was 
The E u l e r i a n  model has  been used  p r i m a r i l y  f o r  t h e  s t u d y  of near- 
e q u i l i b r i u m  c o n d i t i o n s  i n  a medium, so t h a t  a s t a t e  of s t a t i s t i c a l  
e q u i l i b r i u m  can be used  a s  a s t a r t i n g  p o i n t  and s m a l l  p e r t u r b a t i o n s  from 
e q u i l i b r i u m  i n  t h e  v e l o c i t y  d i s t r i b u t i o n  o r  p a r t i c l e  d e n s i t y  can  be 
s t u d i e d .  The s o l u t i o n  of plasma problems w i t h  s t a t i s t i c a l  thermodynamical 
methods h a s  proved d i f f i c u l t  i n  g e n e r a l  because,  i n  h i g h l y  i o n i z e d  media, 
a l l  p a r t i c l e s  a r e  i n t e r a c t i n g  a t  a l l  t i m e s ,  no t  j u s t  d u r i n g  c l o s e  col-  
l i s i o n s .  I n  t h e  s t a t i s t i c s  o f  o r d i n a r y  non-ionized g a s e s  t h e  p a r t i c l e s  
c a n  be t r e a t e d  a s  i f  most of t h e  t i m e  t h e y  do n o t  i n t e r a c t .  However, 
even when t h e  d i f f i c u l t i e s  of  long-range i n t e r a c t i o n  a r e  overcome, a 
wide v a r i e t y  of impor tan t  problems remain t h a t  a r e  not  e a s i l y  handled by 
t h e  s t a t i s t i c a l  E u l e r i a n  method, because  t h e  most i n t e r e s t i n g  and impor- 
t a n t  c o n d i t i o n s  a r e  t h o s e  which a r e  not  n e a r  e q u i l i b r i u m .  A t y p i c a l  ex- 
ample i s  a t r a n s i t i o n  from an  o r d e r l y  s t a t e  t o  a t u r b u l e n t  o r  d i s o r d e r l y  
s t a t e .  
S i n c e  t h e  s t a t i s t i c a l  approach t o  plasma dynamics i s  so l i m i t e d ,  w e  
may a sk  if t h e  Lagrangian approach can  be a p p l i e d  d i r e c t l y ,  u s i n g  one o r  
t w o  e q u a t i o n s  p e r  plasma p a r t i c l e  and a very  l a r g e  computer t o  s o l v e  
t h e s e  e q u a t i o n s  s imul t aneous ly .  T h i s  scheme seems ambi t ious .  I n  p r in -  
c i p l e ,  one ought t o  program t h e  dynamical e q u a t i o n s  f o r ,  s ay ,  1015 plasma 
p a r t i c l e s  involved  i n  a t y p i c a l  plasma phenomenon and s o l v e  them step-by- 
s t e p  i n  t i m e  j u s t  t h e  way n a t u r e  does i t .  I n  p r a c t i c e ,  one can  b u i l d  a 
s u f f i c i e n t l y  r e a l i s t i c  coarse-gra ined  model of t h e  plasma i n  t h e  computer, 
c o n t a i n i n g  t y p i c a l l y  between lo3  and 10 p a r t i c l e s .  F o r t u n a t e l y ,  com- 
p u t e r s  a r e  j u s t  g e t t i n g  l a r g e  enough and f a s t  enough t o  hand le  such a 
4 
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problem, and fortunately, significant and reliable results can be obtained 
from such a coarse-grained model. We can make it behave outwardly just 
like a plasma which one sets up in the laboratory, 
This half-way house between elegant theory and experimental hardware, 
our programmed version of the physical laws and boundary conditions, we 
call a "computer experiment." It differs from a typical computation of 
a theoretical result in that we do not evaluate mathematical expressions 
derived from the laws of nature, but we make the computer simulate the 
physical system. It is an analog of the physical plasma, although in 
most cases a digital computer is used in the simulation. 
There are several important advantages of the computer experiment 





5 .  
it can be made to go in slow motion, 
any quantity of interest can be observed without interfering with 
the experiment: probes, thermometers, voltmeters, etc. can be 
stuck into the simulated plasma at any position, 
individual and collective particle behavior can be watched and 
displayed in a variety of ways--graphs, monitored records, oscil- 
lograms, and motion pictures, 
boundary conditions can be controlled, space situations can be 
simulated, 
special processes ( ionization, optical excitation, hard collisions) 
can be switched on and off at will and their effect on the system 
behavior explored separately. 
The role of statistics is somewhat peculiar and novel in these com- 
puter experiments. In the first place, it should be understood that the 
name "Monte Carlo" method would be somewhat misleading if applied to these 
calculations. We often solve strictly deterministic problems, with no 
element of chance introduced anywhere, and a close watch is kept on 
the randomizing effect of rounding-off errors in the computer. Indeed, 
Dawson has, in one of his computer plasma experiments at Princeton 
University, "turned the clock back" and reobtained the initial state Of 
his plasma quite accurately in a strictly deterministic run. 
At times, however, computer economy requires us to throw away infor- 
mation, use crude but fast integration procedures, coarse-grain and thus 
roughen-up the smooth and rigid course of deterministic classical physics. 
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Elements of chance are thus introduced which are not really wanted-- 
although there are situations where such elements of chance impart a dash 
of realism! 
We do not deliberately use statistical procedures in order to abstract 
from them some smooth and steady data, as one would do in the "Monte 
Carlo" method, A deliberate programming of statistical laws occurs only 
at boundaries--hot surfaces which emit randomly distributed particles 
and whose internal dynamics could not be programmed into the computer. 
Order-disorder transitions are, perhaps, the most interesting results 
of our calculations. We have started systems cold, regular and well 
ordered. In a short time they have evolved into such complexity that 
the human mind can only comprehend them in a statistical manner (see 
Fig. 11). The computer may, in the course of this evolution, not have 
discarded any information--it has not increased the entropy--but the 
observer, absorbing only an incomplete averaged picture, has in his mind 
increased the entropy by discarding information! 
Again, we have observed at times that there can be two kinds of 
fluctuations superimposed on an ideal, steady, clear average. One of 
these could be traced to the discrete and random nature of the particle 
injection procedures which were programmed at boundaries. These fluctu- 
ations come under the heading "shot noise." The other type of fluctu- 
ation is more violent. It would occur even if the boundary conditions 
were kept perfectly ordered and continuous. This is turbulence: the 
system becomes unstable, as does laminar flow under certain conditions, 
and directed initial energy is divided up into smaller and smaller packets, 
becoming random eventually (see Figs. 13, 18, and 2 0 ) .  
It is with a view to the latter possibility, into which we have run 
more often than expected, that our computations are kept evolutionary 
or sequential. We follow the system in time, we do not assume the ex- 
istence of a steady state. The method is not, like several established 
methods of dealing with charged particles in electromagnetic fields, 
iterative. We are not trying to home on an elusive and possibly non- 
existent steady state. If such a state exists, and if it is stable, our 
system will converge upon it. 
time-average buried under large fluctuations, we shall recognize it as 
SUCil , 
If the steady state is only a calculable 
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, 
The sequential procedure is ideally suited to digital computers 
which, after all, work in a time sequence themselves--even when they have 
to solve "simultaneous" equations. In tracing particles through their 
mutual fields, we calculate the fields at every time step. Since time 
is kept as a real variable, and since we do not from the start assume 
our solutions to oscillate or to grow o r  decay exponentially in time, our 
transient analysis is not restricted to linearized ideal systems. Non- 
linearities present no problems. "Wave-wave" interactions are built in. 
Indeed it is the nonlinearity of a plasma which often hides the most 
int,eresting and hitherto least understood phenomena that the computer ex- 
periment reveals. 
NON-INTERACTING PARTICLE EXPERIMENTS 
A particularly simple Lagrangian problem is that of a single particle 
moving in a given electric and magnetic field. A good estimate of the 
behavior of some types of many-particle systems can be obtained by as- 
suming that the particles are non-interacting. Many single particle 
solutions f o r  different times o r  positions can then be superimposed to 
get the approximate many-particle solution. 
A plasma problem of considerable interest in thermonuclear research 
is the problem of many charged particles moving in a magnetic mirror 
field of the type shown in Fig. 1. As a first step in understanding the 
behavior of such a system it is appropriate to study the behavior of a 
single particle in a magnetic mirror. This is a very simple problem at 
first glance. However, even when the magnetic field shape is axially 
symmetric, as in Fig. 1, and can be described by a simple equation such 
as a sinusoidal function, it has not been possible to get a satisfactory 
analytic solution to the motion of a single particle in this field. 
Sth'rmer devoted a lifetime to tracing orbits in the simple dipole magnetic 
field of the Earth. His results have been useful in the understanding 
of cosmic ray fluxes and Van Allen-belts. In order to get an answer to 
this type of problem analytically, it is necessary to use an adiabatic 




FIG. 1. A magnet ic  m i r r o r  is  an impor tan t  containment  sys tem 
f o r  h o t  plasmas,  bu t  t h e  exact s o l u t i o n  f o r  t h e  motion of 
o n l y  a s i n g l e  p a r t i c l e  i n  such a system is  beyond p r e s e n t  
mathemat ica l  t echniques .  An approximate  t h e o r y  p r e d i c t s  
t h a t  par t ic les  w i t h  i n i t i a l  v e l o c i t i e s  l y i n g  w i t h i n  t h e  
"adiabatic loss cone'' w i l l  e scape .  
approximat ion  t o  the t r a j e c t o r y ,  and t h i s  i m p l i e s  t h a t  t h e r e  are o n l y  
v e r y  s m a l l  changes i n  any s i n g l e  loop  about  t h e  f l u x  l i n e .  I t  t u r n s  o u t  
t h a t  many q u i t e  o r d i n a r y  t r a j e c t o r i e s  are n o t  v e r y  w e l l  described by 
t h i s  adiabatic t h e o r y ,  and a computer experiment  t u r n s  o u t  t o  b e  a u s e f u l  
approach to t h i s  problem. One of the  au thors '  and M r .  R.  E. Holaday 
s t u d i e d  t h i s  problem a t  S t a n f o r d  U n i v e r s i t y  f o r  t h e  case of p a r t i c l e s  
i n j e c t e d  a l o n g  or n e a r l y  a long a f l u x  l i n e  u s i n g  a n  a n a l o g  computer. 
T h i s  case is  n o t  w e l l  s u i t e d  to  t h e  a d i a b a t i c  t h e o r y ,  because t h e  f irst  
t u r n  of t h e  p a r t i c l e  around a f l u x  l i n e  is  always a large p e r t u r b a t i o n  
of i t s  p r e v i o u s  p a t h .  F i g s ,  2a ,  b ,  and c show three typical trajectories 
f o r  t h i s  case f o r  d i f f e r e n t  a n g l e s  of i n j e c t i o n .  F o r  the  case shown, the 
- 7 -  
T r a j e c t o r i e s  i n  t h e  r-z p l a n e  o b t a i n e d  from a computer experiment  f o r  a 
s i n g l e  p a r t i c l e  i n  a magnet ic  m i r r o r .  I n  a l l  t h r e e  cases t h e  magnet ic  
f l u x  l i n e s  a r e  t h e  same, w i t h  one  l i n e  about  which t h e  p a r t i c l e  s p i r a l s  
t h a t  s t a r t s  p a r a l l e l  t o  t h e  c - a x i s  a t  c = 0 , p  = 1 . 0  where t h e  p a r t i c l e  
i s  i n j e c t e d  and ends up a g a i n  p a r a l l e l  t o  t h e  < -ax i s  a t  < = R. 
t h i s  case t h e  magnet ic  f l u x  d e n s i t y  i s  10 times a s  g r e a t  a t  g = n a s  







FIG. 2a. Here t h e  p a r t i c l e  was i n j e c t e d  a l o n g  t h e  f l u x  
l i n e  and t h e  magnitude of t h e  i n i t i a l  v e l o c i t y  w a s  ad-  
j u s t e d  to  j u s t  p roduce  m i r r o r i n g  a t  c = r(. A d i a b a t i c  
t heo ry  p r e d i c t s  t h a t  a l l  such  p a r t i c l e s  s h o u l d  e s c a p e  
from the m i r r o r .  
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FIG. 2b. Here t h e  p a r t i c l e  had t h e  same i n i t i a l  speed a s  i n  
F i g .  2 a ,  but its v e l o c i t y  w a s  d i r e c t e d  outward a t  an ang le  
to t h e  f lux l i n e .  Mirroring occurred nearer  to t h e  in -  
j e c t i o n  p lane .  
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FIG. 2 c .  
F i g s .  2a and 2b ,  but i t s  v e l o c i t y  was d i r e c t e d  inward. 
Mirroring d i d  not  occur .  
t i l t e d  inward  and depends on parameters o t h e r  than t h o s e  
of a d i a b a t i c  theory.  
Here t h e  p a r t i c l e  had t h e  same i n i t i a l  speed a s  i n  
E v i d e n t l y  t h e  exact loss cone i s  
- 10 - 
. 
p a r t i c l e  w i t h  t h e  inward v e l o c i t y  p a s s e s  through t h e  mirror, bu t  t h e  t w o  
o t h e r  i n j e c t i o n  a n g l e s  r e s u l t  i n  m i r r o r i n g .  The computer experiment  p r e -  
d i c t s  t h a t  t h e  c o n d i t i o n s  f o r  m i r r o r i n g  i n c l u d e  t h e  magnitude as w e l l  as 
t h e  a n g l e  of t h e  i n i t i a l  v e l o c i t y  w i t h  r e s p e c t  to  a f l u x  l i n e  and t h e  
d i s t a n c e  o f f - a x i s  t h a t  t h e  p a r t i c l e  s tarts.  I n  t h e  a d i a b a t i c  approxi -  
mation t h e  c o n d i t i o n  f o r  m i r r o r i n g  is  comple te ly  de te rmined  by t h e  a n g l e  
t h a t  t h e  i n i t i a l  v e l o c i t y  makes w i t h  t h e  f l u x  l i n e s .  F u r t h e r  computer 
exper iments  on t h i s  problem have been c a r r i e d  o u t  by Roth a t  Corne l1  
U n i v e r s i t y .  
Another  area i n  which s i n g l e  p a r t i c l e  computer exper iments  have proved 
u s e f u l  h a s  been t h a t  of microwave e l e c t r o n  t u b e s .  I n  many such t u b e s  t h e  
e l ec t r i c  f i e l d  produced by t h e  microwave c i r c u i t  i s  much l a r g e r  t h a n  t h e  
f i e l d  a c t i n g  on a p a r t i c l e  due t o  o t h e r  nearby p a r t i c l e s .  I n  t h i s  s i t u -  
a t i o n  t h e  motion of i n d i v i d u a l  p a r t i c l e s  can b e  c a l c u l a t e d  s e p a r a t e l y  and 
t h e i r  o r b i t s  superimposed to o b t a i n  an e s t i m a t e  of t h e  behavior  of many 
p a r t i c l e s .  I n  t h e  f i r s t  paper  on v e l o c i t y  modula t ion ,  t h e  p r i n c i p l e  by 
which t h e  k l y s t r o n  f u n c t i o n s ,  0. H e i l  and A .  A.  H e i l  performed a l a r g e -  
s i g n a l  a n a l y s i s  u s i n g  t h e  Lagrangian model w i t h  n o n - i n t e r a c t i n g  p a r t i c l e s ,  
a s  d i d  D.  L. Webster i n  a t h e o r y  of t h e  k l y s t r o n  p u b l i s h e r  somewhat l a t e r .  
T h i s  type of n o n - i n t e r a c t i n g  p a r t i c l e  t h e o r y  w a s  a p p l i e d  t o  t h e  t r a v e l i n g -  
wave t u b e  by Nordsieck i n  1949, and h a s  been u s e f u l  i n  many o t h e r  microwave 
t u b e  problems. 
F i g u r e  3 is a d is tance- t ime diagram f o r  a k l y s t r o n  a m p l i f i e r  which 
shows t h e  t r a j e c t o r i e s  of many p a r t i c l e s  which, under  t h e  assumption t h a t  
t h e  p a r t i c l e s  d o  not  i n t e r a c t ,  a re  a l l  s t r a i g h t  l i n e s  i n  t h i s  r e p r e -  
s e n t a t i o n .  The s l o p e s  of t h e s e  l i n e s  are t h e i r  v e l o c i t i e s ,  and i n  t h e  
k l y s t r o n  t h e  v e l o c i t y  of t h e  p a r t i c l e s  is v a r i e d  s i n u s o i d a l l y  a s  a f u n c t i o n  
of e n t r y  t i m e  by t h e  v o l t a g e  of t h e  i n p u t  r e s o n a t o r ,  a l so  shown as  a 
f u n c t i o n  of t i m e .  I n  t h i s  type of t u b e  t h e  v e l o c i t y  of each p a r t i c l e ,  
i . e . ,  t h e  s l o p e  i n  F ig .  3, remains c o n s t a n t  a f t e r  e n t r y .  I t  1s e v i d e n t  
f r o m  t h i s  diagram how a s i n u s o i d a l  v a r i a t i o n  i n  v e l o c i t y  a t  one p o s i t i o n  
i s  c o n v e r t e d  to  a v a r i a t i o n  i n  p a r t i c l e  d e n s i t y  as  a f u n c t i o n  of t i m e  a t  
a p o s i t i o n  such  as  t h a t  marked X = 1 o r  X = 1.84.  I n  a k l y s t r o n  t h i s  
p a r t i c l e  d e n s i t y  v a r i a t i o n  wi th  t i m e  is used t o  d r i v e  a n  o u t p u t  r e s o n a t o r  
a t  a p o s i t i o n  such  a s  X = 1 o r  1 .84  t h a t  p r o v i d e s  microwave energy  to  a 
load. 
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x =  0 2T 
TIME - RE SON ATOR VOLTAGE 
FIG. 3 .  A distance vs. time diagram for a klystron ampli- 
fier (an Applegate diagram). Each line represents the 
path or trajectory of one particle. The particle velocity 
is the slope of a line in this diagram which shows the 
paths traveled by many different particles leaving the 
injection plane at X = 0 with velocities that vary sinu- 
soidally with time. For this simple model the particles 
do not interact; they travel at constant velocity and so 
the line for each particle is straight and has a value de- 
termined by the initial velocity. At a position such as 
X = 1 there is strong bunching and an output cavity placed 
at this position would be driven by the charge variation in 
time (current) that exists at this position. 
Spangenberg, Vacuum Tubes, McGraw-Hill, 1948). 
(From K. R .  
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I n  microwave tube work, t h e  d i s t a n c e - t i m e  diagram is o f t e n  r e f e r r e d  
t o  a s  an Applega te  diagram. L. M .  Applega te  was t h e  p a t e n t  a t t o r n e y  for 
R .  H. Var ian  and W .  W .  Hansen, t h e  i n v e n t o r s  of t h e  k l y s t r o n ,  and he used 
t h i s  diagram to  e x p l a i n  t h e  o p e r a t i o n  of a k l y s t r o n  i n  t h e  Varian-Hansen 
p a t e n t .  The d i s t a n c e - t i m e  diagram is a l s o  w i d e l y  used i n  c o n n e c t i o n  w i t h  
t h e  motion of p a r t i c l e s  i n  r e l a t i v i t y  t h e o r y ,  and i n  t h i s  c o n n e c t i o n  i t  
is  r e f e r r e d  t o  a s  a Minkowski diagram. W e  w i l l  be  u s i n g  it e x t e n s i v e l y  
i n  t h e  remainder  of t h i s  a r t i c l e  to  d e s c r i b e  t h e  motion of many i n t e r -  
a c t i n g  p a r t i c l e s .  
INTERACTING PARTICLE EXPERIMENTS W I T H  AXIAL OR PLANAR SYMMETRY 
The t w o  and three-body p rob lems  of K e p l e r i a n  c e l e s t i a l  mechanics a r e  
v e r y  close t o  t h e  modern problems of plasma p h y s i c s  i n v o l v i n g  many i n t e r -  
a c t i n g  p a r t i c l e s .  I n  b o t h  t y p e s  of problem t h e  p a r t i c l e s  i n t e r a c t  w i t h  
an i n v e r s e  square-law force, a l t h o u g h  of course t h e r e  i s  no d i r e c t  a n a l o g  
of t h e  r e p u l s i v e  force between l i k e  c h a r g e s  i n  g r a v i t a t i o n a l  problems. I t  
i s  i n t e r e s t i n g  t h a t  it was p r e c i s e l y  t h e  d i f f i c u l t y  w i t h  t h e  computat ions 
t h a t  slowed p r o g r e s s  i n  t h i s  f i e l d  a t  t h e  t i m e  of Kepler ,  a l t h o u g h  con- 
c e p t u a l l y  t h e  problem was c l e a r  w i t h  t h r e e  or  more i n t e r a c t i n g  bodies .  
There i s ,  a s  y e t ,  no  r i g o r o u s  a n a l y t i c a l  s o l u t i o n  t o  t h e  g e n e r a l  three- 
body problem, and i t  is s t i l l  n e a r l y  imposs ib le  t o  handle  l a r g e  numbers 
of p a r t i c l e s  w i t h  charges  of b o t h  p o s i t i v e  and n e g a t i v e  s i g n  moving i n  
t h r e e  dimensions even w i t h  modern computers.  However, c o n s i d e r a b l e  prog- 
ress h a s  been made by t a k i n g  advantage  of t h e  symmetry i n h e r e n t  i n  many 
p h y s i c a l  problems i n  plasma p h y s i c s .  For  example, c o n s i d e r  the c y l i n d r i c a l  
system of F i g .  4 i n  which two p a r a l l e l  p l a n e  s u r f a c e s  oppose e a c h  o t h e r .  
W e  e x p e c t  t o  be a b l e  t o  l e a r n  a g r e a t  d e a l  about  such a system by s t u d y i n g  
modes of o p e r a t i o n  i n  which t h e r e  a r e  no v a r i a t i o n s  i n  e l e c t r o n  c u r r e n t  
or  any of t h e  o t h e r  v a r i a b l e s  a s  w e  move around t h e  system a z i m u t h a l l y ,  
i . e . ,  modes t h a t  a r e  symmetr ical  about  t h e  a x i s .  S t i l l  a f u r t h e r  s i m p l i -  
f i c a t i o n  is o b t a i n e d  by a l l o w i n g  no v a r i a t i o n s  i n  t h e  r a d i a l  d i r e c t i o n .  
T h i s  l a t t e r  s i m p l i f i c a t i o n  is e s p e c i a l l y  a p p r o p r i a t e  if t h e  dimensions 
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of t h e  system a r e  such  t h a t  t h e  s e p a r a t i o n  between t h e  end s u r f a c e s  i s  
s m a l l  i n  comparison w i t h  t h e  d i ame te r .  
ELE 
PLASMA DIODE 
E L E C T R O N S  
ICTRODE I ELECTRODE 
(EM1 T T E R  
OR 
I N JE C T l  ON 
GRID) 
( C O L L E C T O R )  
2 
FIG. 4. A plasma diode w i t h  symmetry abou t  a n  a x i s  
through t h e  e l e c t r o d e s .  The drawing  can  r e p r e s e n t  
a dc gas d i s c h a r g e  t u b e  i f  electrode 1 is  a n  
emi t t e r  and e l e c t r o d e  2 i s  o p e r a t e d  a t  a p o t e n t i a l  
h i g h e r  t h a n  e l e c t r o d e  1 so a c u r r e n t  i s  drawn 
through t h e  i o n i z e d  gas or plasma c o n s i s t i n g  of 
e l e c t r o n s  and i o n s  p l u s  n e u t r a l  mo lecu le s .  A therm- 
i o n i c  ene rgy  c o n v e r t e r  can have  a s i m i l a r  con- 
s t r u c t i o n .  
On t h e  computer w e  might s i m u l a t e  t h e  sys t em by e i t h e r  a set of d i sc  
p a r t i c l e s  or t h e  i n f i n i t e  s h e e t  p a r t i c l e s  of F i g .  5 .  I n  b o t h  cases w e  
imply p a r t i c l e  motion i n  o n l y  one  d imens ion ,  a l o n g  t h e  l o n g i t u d i n a l  ax is ,  
such  as  might occur  if t h e r e  were a s t r o n g  a x i a l  m a g n e t i c  f i e l d  p r e s e n t .  
A l t e r n a t i v e l y ,  a p h y s i c a l  sys tem w i t h o u t  a magne t i c  f i e l d  might  behave 
i n  t h e  same manner, i f  t h e  a x i a l  v e l o c i t y  of t h e  p a r t i c l e s  were large i n  
comparison w i t h  the  t r a n s v e r s e  v e l o c i t y  and if t h e  d i o d e  s p a c i n g  were 








F I G .  5. Lagrangian models of plasmas can be d e s i g n e d  around charged 
p a r t i c l e s  t h a t  are p o i n t  charges  w i t h  a n  electric f i e l d  that  v a r i e s  
a s  a s q u a r e  l a w  and tha t  can move i n  three dimension,  rod c h a r g e s  
w i t h  a 1/r f i e l d  v a r i a t i o n  t h a t  can  move i n  t w o  dimensions,  or p l a n e  
or disc  c h a r g e s  t h a t  can move i n  o n l y  one dimension w i t h  f i e l d  v a r i -  
a t i o n s  as shown. There i s  a t r a d e o f f  between the number of p a r t i c l e s  
tha t  can be i n c l u d e d  i n  a problem and t h e  number of dimensions i n  
which motion is  al lowed.  
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s m a l l  enough. For many geometries t h e  d i s c  p a r t i c l e s  would n o t  behave 
s i g n i f i c a n t l y  d i f f e r e n t l y  from t h e  s h e e t  p a r t i c l e s .  F o r  a d i o d e  problem 
w i t h  t h e  d i ame te r  comparable t o  or less  t h a n  t h e  a x i a l  s p a c i n g ,  however, 
some d i f f e r e n c e  is to  be expec ted .  The d i f f e r e n c e  i n  t h e  t w o  models i s  
i n d i c a t e d  i n  F ig .  5 where t h e  Coulomb law f o r  each  of t h e  t w o  c a s e s  i s  
shown. N a t u r a l l y  i t  costs more to  do a problem w i t h  a force  law t h a t  
depends on d i s t a n c e  t h a n  fo r  t h e  c a s e  where t h e  force  i s  independent  of 
d i s t a n c e ,  
A f u r t h e r  r e f inemen t ,  s t i l l  f o r  t h e  c a s e  of one-dimensional mot ion ,  
would a l low a series of r ing-shaped  p a r t i c l e s  t o  s l i d e  p a s t  each  o t h e r  
and t r a v e l  through t h e  d i o d e  a t  d i f f e r e n t  ve loc i t i e s  a t  d i f f e r e n t  r a d i i ,  
but  w i t h  each  r i n g  remain ing  f i x e d  i n  s ize .  Obvious ly  s u b d i v i d i n g  t h e  
d i s c  p a r t i c l e s  i n t o  r i n g s  r e q u i r e s  a d d i t i o n a l  computer s t o r a g e .  For 
many problems i t  is a l s o  i n t e r e s t i n g  t o  a l low motion t r a n s v e r s e  t o  t h e  
c e n t r a l  a x i s .  In  c y l i n d r i c a l  geometry t h i s  two-dimensional motion problem 
would be s imula t ed  by r ing-shaped  p a r t i c l e s  t h a t  c o u l d  expand and c o n t r a c t .  
T h i s ,  a g a i n ,  r a i s e s  t h e  demand on s t o r a g e  s p a c e ,  q u i t e  a p a r t  from t h e  
i n c r e a s e  i n  i n t e g r a t i o n  t i m e  and c o m p l i c a t i o n s  i n  f i e l d  e v a l u a t i o n .  We 
can a l s o  have  two-dimensional motion between p a r a l l e l  p l a n e s  and h e r e  t h e  
p a r t i c l e  shape  t h a t  co r re sponds  to  t h e  expandable  r i n g  i n  a x i a l  symmetry 
i s  an i n f i n i t e l y  l o n g  rod .  Cons ide rab le  work h a s  been done w i t h  t h i s  t w o -  
d imens iona l  r o d - e l e c t r o n  model, and many of t h e  r e s u l t s  can be c a r r i e d  
o v e r  q u a l i t a t i v e l y  t o  c y l i n d r i c a l  problems. 
I n  o r d e r  t o  i l l u s t r a t e  t h e s e  i d e a s  more s p e c i f i c a l l y ,  l e t  u s  c o n s i d e r  
F i g .  6 which i s  a schemat i c  drawing of a d i o d e  w i t h  f i v e  c h a r g e  s h e e t s  i n  
one-dimensional motion a t  a r b i t r a r y  i n s t a n t a n e o u s  p o s i t i o n s  w i t h i n  t h e  
d iode .  The d i s t a n c e  a c r o s s  t h e  d i o d e  is norma l i zed  to  u n i t y  and t h e  c h a r g e  
s h e e t s  a r e  numbered from r i g h t  t o  l e f t ,  i = 1, 2 ,  ..., 5. A t  a g i v e n  t i m e  
s t e p  l e t  u s  imagine t h a t  t h e  cha rge  s h e e t s  have  the p o s i t i o n s  X x 
. . . ,  x i n d i c a t e d  b y  t h e  s o l i d  l i n e s .  The no rma l i zed  e l e c t r i c  f i e l d  
w i t h i n  t h e  d i o d e  i s  g iven  by t h e  e q u a t i o n  g i v e n  i n  t h e  f i g u r e  and i s  a l s o  
shown below t h e  diode. The f i e l d  i s  Seen t o  s t e p  by o n e  u n i t  each  t i m e  a 
s h e e t  is passed .  The e l e c t r o s t a t i c  p o t e n t i a l  c o r r e s p o n d i n g  t o  t h i s  f i e l d  
1’ 2 ’  
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FIG. 6 .  A diode w i t h  b o t h  w a l l s  a t  t h e  same p o t e n t i a l  c o n t a i n i n g  f i v e  
p l a n e  c h a r g e  s h e e t s  ( s o l i d  l i n e s )  a l l  of t h e  same ( p o s i t i v e )  charge .  
A c a l c u l a t i o n  of t h e  e l e c t r i c  f i e l d  f o r  t h i s  c a s e  i s  e x t r e m e l y  s imple  2 xi a t  t h e  p o s i t i o n  of and is  g i v e n  by t h e  e q u a t i o n  E .  = - + j + 
i= 1 
t h e  j t h  charge s h e e t .  Between t h e  charge  s h e e t s  t o  t h e  r i g h t  of t h e  
j t h  s h e e t  t h e  f i e l d  is E = 1 - j + f xi and t o  t h e  l e f t  of t h e  
j t h  s h e e t  E = - j + t xi. For  t h i s  c a s e  2 xi = 2.5.  The po- 
t e n t i a l  V i s  t h e  i n t e g r a l  of t h e  e l ec t r i c  f i e l d .  I n  t h i s  f i g u r e  x 
i s  measured from l e f t  t o  r i g h t  and charge  s h e e t s  a r e  numbered from 
r i g h t  to  l e f t ,  The dashed l i n e s  s u g g e s t  p o s s i b l e  p o s i t i o n s  f o r  t h e  
charge  s h e e t s  a f t e r  t h e y  have been allowed to  move under t h e  i n f l u e n c e  
of t h e  f i e l d  given h e r e  f o r  one t i m e  s t e p .  The p o s i t i o n s  of t h e  
charges  a f t e r  one t i m e  s t e p  a l s o  depend on t h e i r  v e l o c i t i e s  a t  t h e  
beginning  of  t h e  t i m e  s t e p  a s  w e l l  a s  t h e i r  p o s i t i o n s  and t h e  f i e l d .  
1 
J 2  
r j  
i= 1 
i= 1 i=l 
& 
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i s  also shown i n  F ig .  6 fo r  t h e  case of p o s i t i v e l y  charged sheets and 
w i t h  b o t h  diode w a l l s  a t  t h e  same p o t e n t i a l .  
I t  i s  e v i d e n t  what a s i m p l e  c a l c u l a t i o n  is r e q u i r e d  t o  de termine  
the  f i e l d  and p o t e n t i a l  from the p o s i t i o n s  of t h e  s h e e t s .  E v a l u a t i o n  
of t h e  f i e l d  c o n s i s t s  p r i m a r i l y  of c o u n t i n g  t h e  number of s h e e t s  t o  o n e  
s i d e  of any p o s i t i o n .  For  t h e  p o t e n t i a l ,  one  s imply  computes t he  sum 
of a l l  t h e  p o s i t i o n s  and t h e n ,  moving across t h e  d i o d e ,  s u b t r a c t s  t h e  
number of t h e  s h e e t s  p a s s e d  a t  a n y  p o i n t .  
A f t e r  making t h i s  computat ion,  t h e  c h a r g e s  are a l lowed t o  move under  
t h e  i n f l u e n c e  of t h e  local f i e l d  fo r  the d u r a t i o n  of one  t ime-s tep ,  
s t a r t i n g  from the i r  known p o s i t i o n s  w i t h  t h e i r  known v e l o c i t i e s .  New 
p o s i t i o n s ,  sugges ted  i n  F i g .  6 by t h e  dashed l i n e s ,  a r e  then  o b t a i n e d  and 
t h e  f i e l d  is recomputed and t h e  p r o c e s s  r e p e a t e d .  
Each of t h e  above s t e p s  can be w r i t t e n  as a set of f i n i t e - d i f f e r e n c e  
e q u a t i o n s  w i t h  t h e  d i f f e r e n c i n g  i n t e r v a l  be ing  a n  impor tan t  computa t iona l  
parameter  t h a t  must be made so small t h a t  t h e  r e s u l t s  of t h e  computer ex- 
per iment  are u n a f f e c t e d  by making i t  smaller. The basic p r o c e s s  t h a t  we 
are u s i n g  i n  t h e s e  computer models is  one of coarse-gra in ing .  N o t  o n l y  
must t h e  t ime-step be made s h o r t  enough, bu t  a l so  t h e  number of computer 
p a r t i c l e s  must be l a r g e  enough to  p r o p e r l y  r e p r e s e n t  t h e  phenomenon b e i n g  
s t u d i e d .  There is u s u a l l y  a s i g n i f i c a n t  wavelength i n  t h e  problem and 
t y p i c a l l y  t h e r e  must be of t h e  order of 20 p a r t i c l e s  p e r  wavelength t o  
g i v e  a r e s u l t  t h a t  is  i n v a r i a n t  t o  a n  i n c r e a s e  i n  t h e  number of p a r t i c l e s .  
The c o a r s e - g r a i n i n g  must n o t  b e  too c o a r s e ,  either i n  t i m e  or p a r t i c l e s  
p e r  wavelength.  Sometimes the  wavelength is t o t a l l y  unknown when t h e  com- 
p u t e r  experiment  i s  begun, and t h e n ,  a s  i n  the c a s e  of t h e  t ime-s tep ,  t h e  
number of p a r t i c l e s  must be i n c r e a s e d  i n  s u c c e s s i v e  exper iments  u n t i l  the 
r e s u l t s  do n o t  change when t h e  number is f u r t h e r  i n c r e a s e d .  
The basic computa t iona l  process i n  more complex cases t h a n  the  one- 
d imens iona l  d i o d e  is still  t h e  same i n  p r i n c i p l e  a l t h o u g h  more involved  
i n  d e t a i l .  I t  c o n s i s t s  of t w o  s t e p s  t h a t  a r e  r e c y c l e d  t ime-s tep  a f t e r  
time-step: 
1. 
2 .  Compute new p o s i t i o n s  fo r  a l l  of the  charges a f t e r  t h e y  have been 
Compute the f i e l d  from t h e  charge  p o s i t i o n s .  
a c t e d  on for one time-step b y  t h e  f i e l d  computed i n  S t e p  1. 
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F i g u r e  7 is  a diagram of t h i s  b a s i c  p r o c e s s .  I f  t h e r e  are cha rges  of 
more than  one s i g n ,  s e l f -  or a p p l i e d l n a g n e t i c  f i e l d  e f f e c t s ,  two- 
d imens iona l  e l e c t r i c  or magnet ic  f i e l d  e f f e c t s ,  or two-dimensional motion,  
t h e  p r o c e s s  i s  more complex i n  e i t h e r  or bo th  s t e p s  than  for t h e  problem 
sugges t ed  i n  F ig .  6. 
COMPUTE FIELD Ek DUE TO 
ALL CHARGE SHEETS IN SPACE 
COMPUTE MOTION OF ALL 
CHARGE SHEETS DURING 
ONE TIME STEP IN E k  
FIG. 7. The b a s i c  computa t iona l  p r o c e s s  i s  diagramed.  E k 
i s  t h e  f i e l d  a t  t h e  k t h  t i m e  s t e p  which is  computed 
from t h e  cha rge  p o s i t i o n s  xk  
manner sugges t ed  i n  F i g .  6 .  The motion of t h e  cha rge  
sheets i n  t h i s  f i e l d  i s  computed and a new se t  of 
p o s i t i o n s  x k + l  is found which d e t e r m i n e s  a new 
f i e l d  p a t t e r n  E k + l ( x k + l ) ,  e t c .  
a t  t h a t  t i m e  s t e p  i n  t h e  
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All of these cases are greatly simplified as compared with a three- 
dimensional motion, three-dimensional field problem. The interesting 
and important feature of these simplified models is the fact that com- 
putations can be carried out on them for thousands of charge sheets in 
one-dimensional n;otion or hundreds of charged rods in two-dimensional 
motion in about the same time it would take to do similar computations 
on only a few charges in three-dimensional motion. A tradeoff between 
the number of dimensions of motion and the number of charges exists that 
can be highly advantageous to the computer experimenter, because there 
are many problems with great practical significance that can be simulated 
realistically by a few thousand charges. When more than one dimension 
is essential to an understanding of the phenomenon, a two-dimensional 
computer experiment with up to 2000 charged rods or rings is within the 
capability of present computers such as the IBM 7094 and interesting 
results have been obtained in such problems in about a half-hour of com- 
puting time. Problems involving large numbers of particles in three- 
dimensional motion must await the next generation of computers. 
SINGLE -SPECIES DIODE EXPERIMENTS 
Historically, it appears that Hartree and Nicolson were the first 
to take advantage of the symmetry tradeoff to make calculations on a many- 
body problem in which the particles were restricted to one-dimensional 
motion. They analyzed a planar electron diode using a one-dimensional 
sheet model in 1943 using a desk calculator. They used about 30 inter- 
acting particles and were able to study the buildup of circulating current 
in a magnetron. Their charge sheets experienced not only a force due to 
the electric fields of the other charge sheets plus any applied electric 
field, but also a magnetic force due to an applied magnetic field directed 
perpendicular to the direction of charge motion. They were able to show 
that the unexpected dc current flowing in a magnetron at magnetic fields 
well above a theoretical cutoff value was not a result of some transient 
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ef fec t  p r e s e n t  i n  a one-dimensional model. Theor i e s  and computer e x p e r i -  
ments t a k i n g  i n t o  account  two-dimensional e f fec ts  have  s i n c e  e x p l a i n e d  
t h e  observed  phenomena. They w e r e  a lso ab le  t o  show t h a t  a s i n g l e - s t r e a m  
d c  s ta te  p r e d i c t e d  by B r i l l o u i n  was t h e  n a t u r a l  d c  s t a t e  and would be 
set  up even when t h e  magnetron w a s  suddenly  t u r n e d  on w i t h  no cha rge  i n  
t h e  space  i n i t i a l l y .  The s t a t e  b r e a k s  up ,  however, due  t o  two-dimensional 
i n s t a b i l i t i e s .  
R e s u l t s  of a typical c a l c u l a t i o n  made by Hartree and Nicolson  a re  
g iven  i n  F i g ,  8 which i s  a p l o t  of t h e  p a r t i c l e  t r a j e c t o r i e s  i n  t h e  
d i s t a n c e - t i m e  p l a n e  a l o n g  w i t h  t h e  v o l t a g e  and c u r r e n t  a s  a f u n c t i o n  of 
t i m e .  I n  F i g .  8 i t  is  e a s y  t o  see t h e  q u a l i t a t i v e  r e s u l t  of t h e  computer 
expe r imen t ,  which i s  t h a t  t h e  e l e c t r o n  l a y e r s  p e e l  off  t h e  ca thode  suc -  
c e s s i v e l y ,  s t a y  i n  o r d e r  and move o u t  to  a c e r t a i n  p o s i t i o n  abou t  which 
t h e y  o s c i l l a t e  a f t e r  t h e  v o l t a g e  r e a c h e s  i t s  f u l l  v a l u e .  
Some of t h e  most i n t e r e s t i n g  and i m p o r t a n t  r e c e n t  a p p l i c a t i o n s  of 
computer exper iments  have  been i n  e l e c t r o n  and  i o n  d i o d e  problems w i t h  
e i t h e r  no magnetic f i e l d  or  a v e r y  s t r o n g  magne t i c  f i e l d  i n  t h e  d i r e c t i o n  
of c u r r e n t  f low,  as  i n  F i g .  4 ,  so t h a t  e i t h e r  t h e  s h e e t  or  d i s c  model of 
F i g .  5 can be  used. Hartree made a s t u d y  of t h i s  t y p e  of problem i n  1950 
i n  o r d e r  t o  de te rmine  whe the r  i t  i s  p o s s i b l e  d u r i n g  t h e  t r a n s i e n t  tu rn-on  
p e r i o d  of a n  e l e c t r o n  d i o d e  f o r  e l e c t r o n s  t o  r e a c h  t h e  anode  a t  a h i g h e r  
energy  than  t h a t  co r re spond ing  t o  t h e  a p p l i e d  vol tage,  I n  h i s  problem t h e  
p a r t i c l e s  were a l l  i n j e c t e d  i n t o  t h e  d i o d e  a t  t h e  same i n i t i a l  v e l o c i t y  
and t h e  t w o  w a l l s  of t h e  d i o d e  were ma in ta ined  a t  t h e  same p o t e n t i a l .  The 
d i o d e  w a s  i n i t i a l l y  empty. Hartree carried h i s  computa t ions  o n l y  a s h o r t  
t i m e  beyond t h e  p o i n t  where t h e  d i o d e  f i l l s  c o m p l e t e l y  and obse rved  no 
unexpec ted  behavior .  
2 
Unfor tuna te ly  Hartree d i e d  before h e  was a b l e  to  see t h e  r e s u l t  ob- 
3 t a i n e d  by R .  J. Lomax who had,  a t  h i s  s u g g e s t i o n ,  c a r r i e d  t h e  exper iment  
f u r t h e r  and ob ta ined  a v e r y  i n t r i g u i n g  and fundamen ta l  e f fec t  t h a t  a p p e a r s  
a t  h i g h  c u r r e n t s  a f t e r  t h e  d i o d e  f i l l s .  B i r d s a l l  and Bridges obse rved  i t  
i n  Berke ley  a t  about  t h e  same t i m e  as  Lomax found  i t  i n  Cambridge, England.  
The e f f ec t  i s  i l l u s t r a t e d  i n  F i g ,  9 which a g a i n  shows a se t  of e l e c t r o n  
4 
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T 
T 
FIG. 8. Distance vs. time trajectories of charge sheets in 
a one-dimensional diode in the presence of a transverse 
magnetic field. Each charge sheet has zero initial ve- 
locity. The accompanying current and voltage curves are 
shown as a function of time. The voltage is specified as 
the dashed line and the plate separation is sufficiently 
large that none of the charge sheets reaches the opposite 
side, so there is zero steady-state current, simulating 
a magnetron beyond cutoff. 
1943. ) 
(After Hartree and Nicolson, 
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s h e e t  t ra jec tor ies  i n  t h e  d i s t a n c e - t i m e  p l a n e .  I n  t h i s  case a l l  t h e  
e l e c t r o n s  are  i n j e c t e d  a t  t h e  same v e l o c i t y  a t  a uni form ra te  and  t h e  
e l e c t r o n  diode i s  i n f i n i t e  i n  l e n g t h ,  L.e. ,  t h e  anode i s  v e r y  f a r  away. 
Hence, a l l  t h e  i n j e c t e d  c u r r e n t  must r e t u r n  t o  t h e  i n j e c t i o n  p l a n e .  An 
a t t e m p t  to  e j e c t  c h a r g e s  of a s i n g l e  s i g n  from a space  s h i p  would have 
t h i s  r e s u l t .  Thus an  i o n  p r o p u l s i o n  sys tem must i n c l u d e  means fo r  neu- 
t r a l i z i n g  t h e  ion beam w i t h  c h a r g e s  of t h e  o p p o s i t e  s i g n .  The s t a t i c  
t h e o r y  f o r  t h i s  case p r e d i c t s  t h a t  a l l  t h e  e l e c t r o n s  t u r n  a round a t  t h e  
same p l a c e ,  a t  X = 0.707 i n  Fig.  9,  and t h a t  t h e r e  are  no o s c i l l a t i o n s .  
The r e s u l t  of t h e  computer exper iment  is  t h a t  t h e  e l e c t r o n s  t u r n  a round 
a t  d i f f e r e n t  p o s i t i o n s  and t h a t  t h e  p o s i t i o n  fo r  tu rna round  var ies  w i t h  
t i m e ,  as does t h e  c u r r e n t  r e t u r n e d  to  t h e  i n j e c t i o n  p l a n e .  I t  t u r n s  o u t  
t o  be imposs ib l e  t o  set up t h e  s t a t i c  s t a t e  s t a r t i n g  w i t h  a n  i n i t i a l l y  
empty diode and, i f  i t  i s  a r t i f i c i a l l y  created as an  i n i t i a l  c o n d i t i o n ,  
i t  immedia te ly  is t ransformed to  t h e  s t a t e  of F i g .  9 which is  t h e  n a t u r a l  
mode of t h e  system. T h i s  n a t u r a l  mode is  seen  t o  be a n  o s c i l l a t o r y  one .  
The r e s u l t  i s  t h e  same f o r  f i n i t e  l e n g t h  d i o d e s  f o r  h i g h  enough v a l u e s  of 
c u r r e n t ,  
F o r  many years t h e  s t a t i c  s ta tes  of a n  e l e c t r o n  d i o d e  had been assumed 
to  be t h e  o n l y  s o l u t i o n s  t o  t h e  e q u a t i o n s  d e s c r i b i n g  s u c h  problems.  How- 
e v e r ,  i t  was clear  from t h e  s t a t i c  t h e o r y  t h a t  t h e r e  was a n  uppe r  l i m i t i n g  
c u r r e n t  t h a t  a g iven  d i o d e  cou ld  t r a n s m i t .  I t  was assumed by t h e  e a r l y  
worke r s  i n  t h i s  f i e l d  t h a t ,  i f  a c u r r e n t  greater t h a n  t h e  l i m i t i n g  v a l u e  
were i n j e c t e d ,  t h e  sys tem would s w i t c h  t o  a n o t h e r  s t a t i c  s t a t e  w i t h  some 
c u r r e n t  be ing  r e t u r n e d  t o  t h e  i n j e c t i o n  p l a n e .  Diagrams t r a c i n g  o u t  hypo- 
t h e t i c a l  t r a n s i t i o n s  from one  s t a t i c  s t a t e  t o  a n o t h e r  a r e  shown i n  many 
t ex tbooks  on e l e c t r o n  t u b e s  such  a s  t h e  s t a n d a r d  works by A .  H. W .  Beck 
and K .  R .  Spangenberg, b u t  t h i s  behav io r  h a s  n e v e r  been measured. I n  
f a c t  t h e  system does n o t  d o  a s  p o s t u l a t e d .  I n s t e a d  i t  a d o p t s  a t i m e -  
v a r y i n g  s o l u t i o n  t o  t h e  problem w i t h  q u i t e  l a r g e  a m p l i t u d e  t i m e  v a r i -  
a t i o n s  a s  i n  F ig .  9 .  T h i s  t ime-varying s t a t e  i s ,  i n  many c a s e s ,  an  OS- 
c i l l a t i o n  around a mean a t  some d e f i n i t e  f r e q u e n c y ,  and t h e  mean is  o f t e n  
an a n a l y t i c a l l y  c a l c u l a b l e  s t a t i c  s t a t e .  
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In the electron diode above limiting current, the oscillation con- 
ditions can be usefully related to the static states, but the oscillating 
state is not an alternation between static states, nor is it a "relax- 
ation" oscillation. The current to either electrode varies nearly sinus- 
oidally in this case, and the frequency is near the electron "plasma fre- 
quency" of the part of the region with the highest charge density. No 
ions are present in this case and the "plasma oscillationsft are those of 
the negative charges of the electrons at their characteristic frequency. 
The plasma frequency is the natural frequency of oscillation of a 
charged medium and is proportional to the charge density, A plasma oscil- 
lation is the result of the electrostatic repulsion with which a com- 
pression of like charges is opposed. 
with some uniform stationary neutralizing ion background, readily exhibits 
and explains this behavior, which prompted J. M. Dawson of Princeton 
University to simulate such a set of neutralized sheets by a series of 
pendula. For a typical electron diode the natural frequency might be of 
the order of 10 cycles per second, For an ion diode the static and dy- 
namic theory is identical to that for an electron diode, but the oscil- 
lation frequency is lower because of the heavier mass of an ion. The 
plasma frequency is inversely proportional to the square root of the 
particle mass and so ions in a cesium diode, without electrons, would 
have a natural oscillation frequency of the order of 10 cycles per second, 
if it were operated beyond limiting current. An oscillation at about this 
frequency has in fact been observed by J. M. Sellen in some experiments at 
Space Technology Laboratories with an un-neutralized cesium ion beam and 
is believed to be of this type, 




OSCILLATIONS IN THERMIONIC ENERGY CONVERTERS 
A thermionic energy converter is simply a diode as in Fig. 5 with 
electrons and ions emitted from one side of the diode which is maintained 
at a high temperature by an external heat source. The energy given to 
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the e l e c t r o n s  by t h i s  s o u r c e  of heat energy  e x t e r n a l  t o  t h e  diode, s u c h  
as a n u c l e a r  s o u r c e ,  i s  converted to  u s a b l e  e l e c t r i c i t y  by t h e  p r o c e s s  
of t h e  e l e c t r o n s  f l o w i n g  as a c u r r e n t  th rough a n  e x t e r n a l  l o a d  resistor. 
I n  exper iments  on such  d e v i c e s  i t  i s  found t h a t  i n  t h e  regimes of most 
i n t e r e s t  t h e  e l e c t r o n  c u r r e n t  t h a t  flows is t ime-varying and is n o t  a 
p u r e l y  dc c u r r e n t  a s  p r e d i c t e d  by t h e  s t a t i c  t h e o r y .  One of the  a u t h o r s  
and P. Burger' a t  S t a n f o r d  U n i v e r s i t y  have r e c e n t l y  conducted a series of 
computer exper iments  on a d iode  of t h i s  type i n  which t h e  i n i t i a l  ve- 
l oc i t i e s  of the e l e c t r o n s  and i o n s  are chosen from a s o u r c e  of random 
numbers t o  p r o v i d e  a s i m u l a t i o n  of e l e c t r o n  and i o n  t e m p e r a t u r e s  corre- 
sponding t o  the  tempera ture  of the e m i t t i n g  e l e c t r o d e .  One r e s u l t  i s  a 
set  of c u r r e n t  v s .  t i m e  curves ,  a typical one  b e i n g  shown i n  F i g .  10. The 
C U M N T  VS TIYE 
THE POTENTIAL OlSTRlWTlON 
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FIG. 10. A t h e r m i o n i c  energy c o n v e r t e r  i s  a d i o d e  as i n  F i g .  4 w i t h  
e l e c t r o n s  and i o n s  e m i t t e d  from t h e  l e f t  w a l l  of t h e  d i o d e  w i t h  
random e n e r g i e s  a c q u i r e d  from a n  e x t e r n a l  s o u r c e  of energy.  Taking 
i n t o  account  the  work f u n c t i o n s  of t h e  s u r f a c e s  t h e  p o t e n t i a l  w i t h i n  
t h e  d i o d e  i n c r e a s e s  from l e f t  to  r i g h t  when t h e  c o n v e r t e r  i s  de- 
l i v e r i n g  e lectr ical  energy  to  a load. The p o t e n t i a l  w i t h i n  t h e  diode 
v a r i e s  w i t h  d i s t a n c e  as shown a t  the  r i g h t  i n  t h i s  f i g u r e  a t  s e v e r a l  
d i f f e r e n t  v a l u e s  of t i m e .  The c u r r e n t  also v a r i e s  as a f u n c t i o n  of 
t i m e  i n  t h e  r e g u l a r  p a t t e r n  shown f o r  a n  i o n - r i c h  case, which is  the  
case of i n t e r e s t  fo r  p r a c t i c a l  a p p l i c a t i o n s .  These c u r v e s  were ob- 
i o n  and lo4 e l e c t r o n  sheets w i t h i n  t h e  d iode .  The c u r r e n t  v s .  t i m e  
c u r v e  agrees w i t h  e x p e r i m e n t a l l y  measured waveforms. 
t a i n e d  from a one-dimensional computer experiment  u s i n g  about  10 4 
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c u r r e n t  i n  F i g .  10 is seen  t o  v a r y  i n  a c h a r a c t e r i s t i c  manner w i t h  a r a p i d  
v a r i a t i o n  n e a r  t h e  peaks  of t h e  slow v a r i a t i o n .  T h i s  waveform i s  i n  v e r y  
close agreement w i t h  what h a s  been measured by  a number of e x p e r i m e n t e r s  
f o r  o p e r a t i n g  c o n d i t i o n s  s i m i l a r  to t h o s e  s i m u l a t e d  i n  t h e  computer e x p e r i -  
men t , 
By obse rv ing  t h e  v o l t a g e  v s .  d i s t a n c e  across t h e  d i o d e  as a f u n c t i o n  
of time i t  h a s  been p o s s i b l e  to  a r r i v e  a t  a q u a l i t a t i v e  e x p l a n a t i o n  f o r  
t h e  o s c i l l a t i o n s .  The key  t o  a n  u n d e r s t a n d i n g  i s  t h e  r e a l i z a t i o n  t h a t  t h e  
e l e c t r o n s  and the  i o n s  o sc i l l a t e  w i t h  c h a r a c t e r i s t i c  f r e q u e n c i e s  t h a t  a re  
wide ly  d i f f e r e n t .  The i o n s  a re  r e s p o n s i b l e  f o r  t h e  slow v a r i a t i o n  i n  
F i g .  10 and t h e  e l e c t r o n s  f o r  t h e  superimposed fas t  v a r i a t i o n .  If w e  now 
imagine t h e  i o n s  i n  a g i v e n  p a t t e r n  a t  some i n s t a n t  of time, t h e  e l e c t r o n s  
can change t h e i r  d e n s i t y  d i s t r i b u t i o n  v e r y  r a p i d l y ,  before t h e  i o n s  can  
respond.  If w e  f i n d  t h a t  t h e  e l e c t r o n s  can have  a n  a l t e r n a t i v e  d i s t r i -  
b u t i o n  of p o t e n t i a l  and d e n s i t y  a c c o r d i n g  t o  t h e  s t a t i c  t h e o r y ,  tempo- 
r a r i l y  r e g a r d i n g  t h e  i o n s  a s  hav ing  i n f i n i t e  mass, w e  may f i n d  t h a t  t h e  
e l e c t r o n s  w i l l  r e d i s t r i b u t e  themselves  and e i t h e r  select  t h i s  a l t e r n a t i v e  
d i s t r i b u t i o n  or  o s c i l l a t e  w i t h  a t ime-average d e n s i t y  d i s t r i b u t i o n  t h a t  
i s  d i f f e r e n t  from t h a t  r e q u i r e d  by t h e  o r i g i n a l  s t a t i c  s t a t e .  When t h i s  
happens,  t h e  ions  w i l l  see a t ime-average f o r c e  a c t i n g  t o  d i s t u r b  t h e i r  
e q u i l i b r i u m ,  and ,  b e i n g  a c t u a l l y  of f i n i t e  mass, w i l l  t e n d  t o  fo l low t h e  
e l e c t r o n s  and hence to start  a n  o s c i l l a t i o n  a t  t h e  c h a r a c t e r i s t i c  i o n  
f requency .  Th i s  p r o c e s s  i s  a l so  i l l u s t r a t e d  i n  F i g .  10 which shows a set 
of "st i l ls" selected from a n  a c t u a l  movie sequence .  The c a l c u l a t i o n s  were 
c a r r i e d  o u t  on a computer t h a t  p r o v i d e s  a direct  o u t p u t  on a n  o s c i l l o g r a p h  
and t h e  p o t e n t i a l  v a r i a t i o n  from p l a t e  t o  p l a t e  w a s  p r o j e c t e d  on t h e  d i s -  
p l a y  t u b e  a t  each i n s t a n t  and photographed .  One w a s  t h u s  a b l e  t o  watch  
t h e  d i o d e  perform i n  slow motion and t o  draw g e n e r a l  c o n c l u s i o n s  r e g a r d i n g  
i t s  mode of o p e r a t i o n ,  The s t a t e  w i t h  t h e  l o w ,  more or  less Cons tan t  
p o t e n t i a l  r e g i o n  a t  t i m e  T = 30.4 i n  F i g .  10 i s  t h e  o n e  e x p e c t e d  f r o m  
S t a t i c  t h e o r y  wi th  f i n i t e  mass i o n s .  The h i g h e r  p o t e n t i a l  S ta te  a t  t i m e  
31.2 i s  a p o s s i b l e  one from s t a t i c  t h e o r y  f o r  which  t h e  i o n s  have  t h e  same 
d i s t r i b u t i o n  of d e n s i t y  as f o r  t h e  o t h e r  s t a t e ,  b u t  f o r  which the e l e c t r o n s  
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are moving more r a p i d l y  and hence have a lower d e n s i t y .  I n  t h e  computer 
experiment  i t  w a s  found t h a t  t h e  l o w  p o t e n t i a l  s t a t e  w a s  established 
first and t h e  e l e c t r o n s  then  moved toward t h e  h i g h  p o t e n t i a l  state, w i t h  
t h e  i o n s  f o l l o w i n g  them af ter  a number of e l e c t r o n  o s c i l l a t i o n  p e r i o d s .  
The system t h e n  r e f i l l e d  w i t h  i o n s  and r e c y c l e d .  
I t  is  s e e n  t h a t  i n  t h i s  f a i r l y  complex s i t u a t i o n  t h e  computer experi- 
ment l e a d s  t o  r e s u l t s  that  can be i n t e r p r e t e d  w i t h  t h e  a id  of s t a t i c  
t h e o r y ,  so t h e  t w o  approaches go hand-in-hand i n  l e a d i n g  u s  to  a complete  
u n d e r s t a n d i n g  of t h e  p r o c e s s  involved.  The  computer was a lso used  t o  
tes t  modes of o p e r a t i o n  i n  which o n l y  one s t a t i c  s ta te  was t h e o r e t i c a l l y  
p o s s i b l e  under  the  assumed c o n d i t i o n s  of t empera ture  and e l e c t r o n  and i o n  
c u r r e n t .  I n  such  a case t h e  computer r a p i d l y  homed on t h e  s t a t i c  s ta te ,  
and,  w i t h  t h e  e x c e p t i o n  of smal l  s h o t - n o i s e  f l u c t u a t i o n s ,  s t a y e d  t h e r e .  
I n  f a c t ,  t h e  computer homed on t h e  s t a t e  i n  a s h o r t e r  t i m e  t h a n  i t  had 
p r e v i o u s l y  taken  t o  e v a l u a t e  such  a s ta te  from a n a l y t i c a l  f o r m u l a e  ( i n -  
v o l v i n g  error  i n t e g r a l s ) .  The computer w a s  a l s o  used t o  test s t a b i l i t y  
when t w o  o r  more s t a t i c  s t a t e s  were p r e d i c t e d  and t h e  system w a s  s t a r t e d  
i n  one such  state,  I n  such  a case i t  w a s  found to  s t a y  o n l y  t e m p o r a r i l y  
i n  t h e  s e l e c t e d  s t a t i c  s t a t e  b e f o r e  assuming i t s  o s c i l l a t o r y  c o n d i t i o n  
which w a s  t h e  n a t u r a l  s t a t e ,  What i s  of real  s i g n i f i c a n c e  is t h a t  t h e  
computer r u n s  preceded  t h e  development of t h e  q u a l i t a t i v e  e x p l a n a t i o n .  
I t  w a s  a case of " h i n d s i g h t "  a l l o w i n g  u s  t o  e x p l a i n  the  computer r e s u l t s  
i n  terms of the  p o s s i b l e  s t a t i c  states of t h e  system t h a t  were d i s c o v e r e d  
t o  be involved .  
I t  w i l l  b e  noted  t h a t  t h e  i o n - t o - e l e c t r o n  mass r a t i o  f o r  the  case 
i l l u s t r a t e d  i n  F i g .  10 is 16, a convenient  v a l u e  f o r  computat ions.  What 
i s  impor tan t  is  t h a t  t h e  mass r a t i o  should  be much g r e a t e r  t h a n  u n i t y  i n  
order to  g i v e  r e s u l t s  i n  q u a l i t a t i v e  agreement w i t h  p h y s i c a l  exper iments  
where t h e  mass r a t io  may be s e v e r a l  thousand. Again i t  is  n e c e s s a r y  t o  
e s t a b l i s h  e x p e r i m e n t a l l y  t h a t  t h e  r e s u l t s  do not  change q u a l i t a t i v e l y  as 
the  mass r a t i o  is  f u r t h e r  i n c r e a s e d .  I t  u s u a l l y  t u r n s  o u t  t h a t  a mass 
r a t io  of 16 i s  s u f f i c i e n t  t o  g i v e  good r e s u l t s .  The r e a s o n  i t  i s  
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important to be able to use low mass ratios is that the computation time 
to go through a given number of cycles of the oscillation is normally 
proportional to the square root of the mass ratio, 
WO-S TREAM INSTAB ILI TY 
If an electron beam is injected into a plasma or if an electric field 
is applied to a plasma, a stream of particles with a velocity very differ- 
ent from that of the rest of the plasma can be established. This particle 
stream will ultimately be scattered and randomized and the entire plasma 
will return to equilibrium, if the injected beam or applied field is shut 
off or if we go a great distance from the source of the field or the beam 
injection point in a "steady-state" situation. The most obvious processes 
leading to randomization are scattering from neutrals and scattering from 
other charged particles by means of close Coulomb collisions, i . e . ,  a 
charged particle encounter that substantially alters the trajectory of at 
least one of the colliding particles. However, it was found experimentally 
in the machines that were built to study thermonuclear plasma containment 
and related problems that randomization occurs many times more rapidly 
than could be explained by close collisions. There has also been a series 
of experiments on dc gas discharges in which large amplitude high 
frequency oscillations at a plane very near the cathode of the discharge 
were observed, along with violent transverse scattering of the electrons 
beyond this plane. The electrons reaching this plane from the cathode 
are known to be in the form of a nearly single-velocity stream, while only 
a short distance beyond this plane in the region of the positive Column, 
it has been well established that the electrons have a nearly perfectly 
random-velocity distribution. 
collisions is hundreds or thousands of times the distance from the cathode 
to this oscillating plane and can't explain this rapid randomization. 
The mean free path for single electron 
This thermalization of an injected stream can be explained in terms 
of the collective interaction of large numbers of plasma particles 
I -  
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oscillating coherently. If one group of particles is moving with respect 
to another, this mutual collective interaction can extract energy from 
the moving stream and convert it to amplification of the collective oscil- 
lation. The basic process is known in the electron tube field as two- 
stream amplification, and it is a well-known technique for amplifying 
microwave signals by means of the interaction of two electron beams at 
different velocities. In the case of the plasma, one stream is normally 
standing still and the interaction can either be between an injected 
electron beam and the electrons of the plasma or between moving electrons 
and stationary ions. The case of electron-ion interaction as a small- 
signal amplification mechanism was also known in the electron tube field 
and was analyzed by J. R. Pierce in 1948. In the plasma thermalization 
process there is, of course, no applied microwave signal, and the ampli- 
fication process starts from random noise in the plasma at frequencies 
near the frequency for maximum growth. Other frequencies are present and 
amplified, but to a lesser extent than the preferred frequency which soon 
suppresses all other signals. 
What happens to limit the growth is illustrated by the trajectory 
diagram in the distance-time plane in an electron-ion interaction, as 
7 
shown in Fig. 11. This figure is from a paper by one of the authors 
published in 1959. Similar computer work was done at Princeton University 
by Dawson who also published his work in 1959. In Fig. 11 the diagram 
represents one space-period out of a repeating series of identical diagrams 
that should be imagined connected on both sides of the one shown. Note 
that time runs vertically in this diagram. It is evident from Fig. 11 
that after the large-signal limit is reached and the waves "break" they 
are very disorderly, if not entirely random. The net effect has been to 
convert the drift energy of the electron stream to a combination of high 
frequency field energy and random particle energy. 
directly in Fig. 12 which is a plot of the space-average electron position 
as a function of time. The slope of this line is the electron drift ve- 
locity which is seen to be constant out to T of about 50 where it rap- 
idly levels off to nearly zero velocity, at which point the drift energy 
has been converted to high frequency field energy and random energy. 
This process is shown 
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X 
FIG. lla. Distance vs. time trajectories for electrons interacting with 
initially stationary ions with time plotted vertically. This diagram 
shows the electrons only. The ions are only slightly perturbed from 
vertical straight line trajectories during this time period and are 
shown in Fig. llb. This diagram is to be understood as repeating to 
the left and right of the region shown; this is only one section out 
of an infinitely repeated pattern. An initial sinusoidal velocity 
modulation rapidly grows into an apparently random situation. Here 
the growth is in time rather than in distance. 
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FIG. llb. Ion trajectories for the case of Fig. l l a .  









FIG. 12. Average e l e c t r o n  p o s i t i o n  as  a f u n c t i o n  of t i m e  f o r  t h e  problem 
of F i g .  11. The time scale i s  t h e  same as F i g .  11. Up t o  T = 50 t h e r e  
i s  a uniform average e l e c t r o n  d r i f t  v e l o c i t y  ( t h e  s l o p e  of t h i s  c u r v e ) .  
Beyond t h i s  time t h e  e l e c t r o n s  l o s e  t h e i r  d r i f t  v e l o c i t y ,  Conver t ing  
t h e i r  d r i f t  energy i n t o  random energy  by t h e  p r o c e s s  i l l u s t r a t e d  i n  
F i g .  11. 
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As a r e s u l t  of t h e s e  c a l c u l a t i o n s  and g r a p h i c  d e m o n s t r a t i o n s  of t h e  
effects  of c o l l e c t i v e  i n t e r a c t i o n ,  more rea l i s t ic  c a l c u l a t i o n s  and d e s i g n s  
f o r  thermonuclear  exper iments  have been made t h a t  t a k e  t h i s  effect i n t o  
account .  
S i m i l a r  l a r g e - s i g n a l  c a l c u l a t i o n s  fo r  microwave t u b e s  have been v e r y  
s u c c e s s f u l  i n  p r e d i c t i n g  t h e  e f f i c i e n c y  and power o u t p u t  from v a r i o u s  
types of microwave a m p l i f i e r s .  The ear l ies t  work w i t h  i n t e r a c t i n g  p a r t i -  
cles w a s  done on t r a v e l i n g - w a v e  amplifiers. Howard P o u l t e r  a t  S t a n f o r d  
U n i v e r s i t y  o b t a i n e d  a few r e s u l t s  w i t h  t h e  IBM 650 which w a s  t h e  f a s t e s t  
computer a v a i l a b l e  i n  1949, and when the  IBM 704 became a v a i l a b l e  a n  
e x t e n s i v e  series of c a l c u l a t i o n s  was made a t  B e l l  Telephone L a b o r a t o r i e s  
by T i e n ,  Walker, and Wolont i s  i n  1955 and 1956. F u r t h e r  work has been 
done by J. E. Rowe a t  t h e  U n i v e r s i t y  of Michigan and  a n  e x t e n s i v e  series 
of k l y s t r o n  c a l c u l a t i o n s  has  been made by T. G.  Mihran and S. E. Webber 
a t  the G e n e r a l  Electr ic  Company, I n  a l l  of t h e s e  c a l c u l a t i o n s  t h e  r e s u l t s  
are  similar to  t h e  two-stream r e s u l t s  i n  F i g s ,  11 and 1 2  w i t h  t h e  e x c e p t i o n  
t h a t  t h e  d r i f t  e n e r g y  t h a t  i s  c o n v e r t e d  to h i g h  f r e q u e n c y  f i e l d  energy  i s  
removed as u s e f u l  o u t p u t  power and  the  slowed-down t h e r m a l i z e d  beam is 
collected and l o s t  as h e a t  i n  t h e  collector. Obviously i n  t h i s  a p p l i c a t i o n  
i t  is  i m p o r t a n t  t o  choose parameters  t h a t  w i l l  g i v e  t h e  maximum convers ion  
of d r i f t  energy  to  f i e l d  energy,  and i t  is  p r e c i s e l y  t h i s  t y p e  of i n f o r -  
mat ion  t h a t  is  u n i q u e l y  s u p p l i e d  by the  computer experiment .  
ION PROPULSION 
Fundamental  i n  t h e  u s e  of i o n  beams f o r  t h e  p r o p u l s i o n  of space  s h i p s  
is  t h e  requi rement  t h a t  t h e  beam l e a v i n g  t h e  s h i p  be n e u t r a l i z e d .  On t h e  
a v e r a g e ,  t he  same number of p o s i t i v e  and n e g a t i v e  c h a r g e s  must be s h o t  o u t  
of t h e  s h i p  p e r  u n i t  t i m e ,  i . e . ,  there must be c u r r e n t  n e u t r a l i t y  which 
c o n s i s t s  of e q u a l  p o s i t i v e  and n e g a t i v e  c u r r e n t s  l e a v i n g  the  s h i p .  F u r t h e r -  
more, t h e s e  p o s i t i v e  and n e g a t i v e  c h a r g e s  must b e  ejected a t  n e a r l y  t h e  
same v e l o c i t y  t o  p r o v i d e  charge n e u t r a l i t y  n e a r  the  s h i p  as w e l l  as c u r r e n t  
n e u t r a l i t y ,  so t h a t  none of t h e  c u r r e n t  w i l l  be r e t u r n e d  t o  t h e  s h i p .  If 
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c u r r e n t  of one s i g n  i s  r e t u r n e d ,  t h e  s h i p  w i l l  charge  up and a t t r a c t  
back c h a r g e s  of t h e  o p p o s i t e  s i g n ,  t h u s  reducing  t h r u s t .  The impor tan t  
q u e s t i o n  t u r n s  o u t  t o  be ,  how d i f f e r e n t  can t h e  e j e c t e d  v e l o c i t i e s  b e  
and s t i l l  provide  charge  n e u t r a l i t y ?  
T y p i c a l  mission r e q u i r e m e n t s  w i t h i n  t h e  solar system s u g g e s t  t h e  
u s e  of Cesium i o n s  as a p r o p e l l a n t  a t  v e l o c i t i e s  cor responding  t o  a n  
energy  of a few k i l o v o l t s .  The s i m p l e s t  t e c h n i q u e  f o r  n e u t r a l i z i n g  a beam 
of p o s i t i v e  ions i s  t h e  i n j e c t i o n  of an  e l e c t r o n  beam w i t h  t h e  same c u r r e n t  
( c h a r g e  p e r  u n i t  t i m e )  a s  t h e  i o n  beam, t h u s  forming a n e u t r a l  plasma i n  
t h e  exhaus t  of t h e  s h i p .  I f  t h e  t w o  beams a re  e j e c t e d  a t  t h e  same v e l o c i t y ,  
t h e r e  i s  no d i f f i c u l t y  i n  p r e d i c t i n g  t h e  r e s u l t  f rom s t a t i c  t h e o r y .  I n  
t h i s  case t h e r e  i s  p e r f e c t  charge  n e u t r a l i t y  throughout  a l l  space .  However, 
i t  t u r n s  o u t  t h a t  t y p i c a l  e l e c t r o n  emitters, such  a s  a h o t  t u n g s t e n  w i r e ,  
emit e l e c t r o n s  w i t h  a mean random speed  t h a t  i s  c o n s i d e r a b l y  h i g h e r  t h a n  
t h e  v e l o c i t y  of Cesium i o n s  a t  a few k i l o v o l t s .  Thus, even if w e  d o n ' t  
a c c e l e r a t e  t h e  e l e c t r o n s  a t  a l l  b e f o r e  e j e c t i n g  them from t h e  s h i p ,  w e  f i n d  
t h a t  w e  c a n ' t  send them o u t  w i t h  as l o w  a mean v e l o c i t y  as  t h e  i o n s .  What 
i s  more, t h e y  w i l l  i n e v i t a b l y  have a l a r g e  v e l o c i t y  s p r e a d  i n  comparison 
w i t h  t h e i r  d r i f t  v e l o c i t y .  T h i s  l a t t e r  e f f e c t  can b e  t a k e n  i n t o  account  
i n  t h e  s t a t i c  t h e o r y ,  but  t h e  problem of a p o s i t i v e  i o n  beam i n  t h e  p r e s e n c e  
of an e l e c t r o n  beam w i t h  a mean thermal  speed g r e a t e r  t h a n  t h e  i o n  v e l o c i t y  
has  a s t a t i c  theory  s o l u t i o n  t h a t  does n o t  a p p e a r  t o  cor respond t o  what 
would b e  obta ined  i n  t h e  p h y s i c a l  s i t u a t i o n .  Indeed ,  H.  D e r f l e r  a t  S t a n f o r d  
U n i v e r s i t y  has  shown t h a t  t h e r e  a r e  c o n d i t i o n s  under  which no s t a t i c  SO- 
l u t i o n  can be found a t  a l l  and o t h e r s  under  which a l l  p o s s i b l e  s t a t i c  SO- 
l u t i o n s  can immediately be proved u n s t a b l e .  S i m i l a r  r e s u l t s  are  o b t a i n e d  
w i t h  a s i n g l e  v e l o c i t y  e l e c t r o n  beam t h a t  is  t r a v e l i n g  more t h a n  twice t h e  
speed of t h e  i o n  beam. I n  t h e  l a t t e r  case, t h e  s t a t i c  t h e o r y  r e s u l t  re- 
q u i r e s  t h e  e x i s t e n c e  of a se t  of e l e c t r o n  c u r r e n t  l o o p s  t h a t  a r e  n o t  l i k e l y  
t o  be set  up p h y s i c a l l y .  The s i t u a t i o n  i s  r e m i n i s c e n t  of t h e  i n c o r r e c t  p r e -  
d i c t i o n s  of s t a t i c  t h e o r y  for an  e l e c t r o n  d i o d e  o p e r a t i n g  above l i m i t i n g  
c u r r e n t .  W e  aga in  wonder if t h e r e  may not  be a t ime-vary ing  S o l u t i o n  t h a t  
i s  t h e  c o r r e c t  d e s c r i p t i o n  of t h e  way t h e  s y s t e m  would behave. When w e  
Perform computer exper iments  on t h i s  problem, w e  d o  indeed  f i n d  t h a t  t h i s  
i s  t h e  c a s e .  
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One of t h e  a u t h o r s 8  and I .  T. Ho performed some c a l c u l a t i o n s  a t  
S t a n f o r d  U n i v e r s i t y  on t h e  problem of  e l e c t r o n s  and i o n s  s h o t  o u t  of a 
space  s h i p  a t  d i f f e r e n t  v e l o c i t i e s ,  w i t h  b o t h  s p e c i e s  having  s i n g l e  ve- 
l oc i t i e s  i n i t i a l l y .  F o r  e l e c t r o n  v e l o c i t i e s  less t h a n  t w i c e  t h e  i o n  ve- 
l o c i t y  t h e  s t a t i c  t h e o r y  r e s u i t s  were reproduced by t h e  computer model 
a f t e r  an i n i t i a l  t r a n s i e n t .  However, f o r  h i g h e r  v e l o c i t y  e l e c t r o n s  t h e  
r e s u l t s  were d i f f e r e n t  from s t a t i c  t h e o r y  and,  a s  i n  t h e  e l e c t r o n  d i o d e  
beyond l i m i t i n g  c u r r e n t ,  t h e  r e s u l t  was a t ime-varying one. F i g u r e  9 
shows what t h e  r e s u l t s  would be i f  o n l y  i o n s  o r  e l e c t r o n s  were ejected. 
They would r e t u r n  to  t h e  s h i p  a f t e r  forming an  o s c i l l a t i n g  "sheath".  
F i g u r e  13 shows some t y p i c a l  e l e c t r o n  and ion t r a j e c t o r i e s  f o r  t h e  c a s e  
of  e q u a l  e l e c t r o n  and i o n  c u r r e n t s  e j e c t e d  from t h e  s h i p .  I t  turned  o u t  
t h a t  f o r  t h i s  c a s e ,  when fo l lowed f u r t h e r  i n  t i m e ,  i o n s  and e l e c t r o n s  
b o t h  r e t u r n e d  to  t h e  s h i p  i n  an o s c i l l a t o r y  manner, so t h e  ion  beam was 
o n l y  p a r t i a l l y  n e u t r a l i z e d .  
However, a f t e r  a l i t t l e  f u r t h e r  e x p e r i m e n t a t i o n  i t  was found t h a t  
complete  n e u t r a l i z a t i o n  could e a s i l y  be o b t a i n e d  a t  t h e  same or even 
h i g h e r  e l e c t r o n  v e l o c i t i e s  by t h e  s imple  e x p e d i e n t  of i n c r e a s i n g  t h e  
e l e c t r o n  c u r r e n t .  I f  t h i s  was done,  any e x c e s s  e l e c t r o n  c u r r e n t  beyond 
t h e  n e c e s s a r y  minimum was r e t u r n e d  to  t h e  s h i p ,  and j u s t  enough e l e c t r o n s  
f o r  p e r f e c t  n e u t r a l i z a t i o n  were s u p p l i e d  t o  t h e  beam. F i g u r e  14 shows 
e l e c t r o n  and i o n  t r a j e c t o r i e s  n e a r  t h e  s h i p  f o r  such  a c a s e .  I t  i s  seen  
t h a t  most of t h e  e l e c t r o n s  a r e  slowed down n e a r l y  t o  z e r o  v e l o c i t y  a t  a 
s h o r t  d i s t a n c e  from t h e  s h i p  and then some e l e c t r o n s  a r e  selected from 
t h i s  o s c i l l a t i n g  f t s h e a t h t l  t o  go on i n t o  s p a c e  w i t h  t h e  i o n s .  The e l e c t r o n  
s h e a t h  i s  v e r y  close to  t h e  space  s h i p  and looks  v e r y  s i m i l a r  t o  t h e  
p a t t e r n  o b t a i n e d  w i t h o u t  any i o n s  i n  F i g .  9. As i n  F i g .  9 t h e  o s c i l l a t i o n s  
h e r e  o c c u r  n e a r  t h e  e l e c t r o n  plasma f requency  cor responding  t o  t h e  d e n s i t y  
n e a r  t h e  s h e a t h .  I n  t h i s  case  t h e s e  o s c i l l a t i o n s  c o n t i n u e  o u t  i n t o  space  
and t h e  accompanying e l e c t r i c  f i e l d s  p r o v i d e  a mixing p r o c e s s  f o r  t h e  elec- 
t r o n s  and i o n s  t h a t  i s  a f a r  more e f f e c t i v e  communication between p a r t i c l e s  
t h a n  close c o l l i s i o n s .  
T h i s  r e s u l t  a g r e e s  w i t h  what has  been measured i n  a number of  e x p e r i -  
ments by J .  M. S e l l e n  and h i s  eo-workers a t  Space Technology L a b o r a t o r i e s .  
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I n  t h e s e  exper iments  i t  appeared t h a t ,  once  t h e r e  w a s  s u f f i c i e n t  e l e c t r o n  
c u r r e n t  a v a i l a b l e ,  t h e  n e u t r a l i z a t i o n  p r o c e s s  w a s  n o t  c r i t i c a l  and n e u t r a l -  
i z a t i o n  w a s  o b t a i n e d  v e r y  e a s i l y .  T h i s  r e s u l t  also a g r e e s  w i t h  q u a l i -  
t a t i v e  p i c t u r e s  of t h e  p r o c e s s  that have been sugges ted  by a number of 
workers i n  which t h e  i o n  beam is c h a r a c t e r i z e d  as a plasma bot t le  which 
is  c o n t i n u a l l y  l e n g t h e n i n g  i t s e l f  and w i t h i n  which t h e  n e u t r a l i z a t i o n  
e l e c t r o n s  are bouncing a b o u t .  
Some v e r y  similar r e s u l t s  a r e  o b t a i n e d  when random i n i t i a l  e l e c t r o n  
9 
v e l o c i t i e s  are p u t  i n t o  t h e  computer program, One of t h e  a u t h o r s  h a s  
performed t h i s  one-dimensional computer experiment  a l o n g  w i t h  a number of 
o t h e r  r e l a t e d  exper iments  i n  coopera t ion  w i t h  G.  Kooyers and R .  B. Wadhwa 
a t  L i t t o n  I n d u s t r i e s ,  F i g u r e  15 is a p l o t  of the  p o t e n t i a l  n e a r  t h e  s p a c e  
s h i p  f o r  a one-dimensional case i n  which n e u t r a l i z a t i o n  is o b t a i n e d  by 
means of e l e c t r o n s  w i t h  a random Gauss ian  v e l o c i t y  d i s t r i b u t i o n  w i t h  a 
mean t h e r m a l  speed greater than t h e  i o n  v e l o c i t y .  T h i s  experiment  i n -  
c l u d e d  n o t  o n l y  t h e  r e g i o n  beyond t h e  n e u t r a l i z e r  g r i d  b u t  also t h e  r e g i o n  
between t h e  i o n  gun and t h e  n e u t r a l i z e r .  The r e s u l t s  of the  computer 
exper iment  are drawn i n  Fig. 16 which is  a p l o t  of p o t e n t i a l  vs .  d i s t a n c e  
as i n  F i g .  15, b u t  p l o t t e d  for  a number of d i f f e r e n t  v a l u e s  of t i m e  i n  a 
p e r s p e c t i v e  view. The f l u c t u a t i o n s  of t h e  p o t e n t i a l  i n  both t i m e  and s p a c e  
c a n  b e  seen  and compared w i t h  the h e i g h t  kT which r e p r e s e n t s  t h e  temper- 
a t u r e  of e m i t t e d  e l e c t r o n s .  The f l u c t u a t i o n s  are much greater than  kT 
and a g a i n  r e p r e s e n t  t h e  r e s u l t  of a c o l l e c t i v e  i n t e r a c t i o n  
TWO-D IMENS IONAL EXPERIMENTS 
I n  a l l  of t h e  work d e s c r i b e d  so f a r ,  t h e  motion of t h e  c h a r g e s  has  
been i n  o n l y  one dimension. As i n d i c a t e d  a t  the o u t s e t ,  two-dimensional 
motion can be i n c l u d e d ,  b u t  a t  a p r i c e  i n  terms of t h e  number of c h a r g e s  
t h a t  can be followed. F i g u r e  17 shows an  i o n  beam n e u t r a l i z e r  system 
c o n s i s t i n g  of e l e c t r o n  e m i t t e r s  spaced a p a r t  by a s m a l l  d i s t a n c e  through 
which t h e  io2 beams can p a s s .  F i g u r e  18 shows t h e  r e s u l t s  of a c a l c u -  
l a t i o n  done by R. B. Wadhwa and one of t h e  a u t h o r s  a t  L i t t o n  I n d u s t r i e s  
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FIG, 17. A n  ion beam n e u t r a l i z e r  system i n  which t h e  e l e c t r o n  emitter 
( d e c e l  g r i d )  c o n s i s t s  of a series of f l a t  w i r e s  spaced  a p a r t  so  t h e  
i o n  beams can p a s s  between t h e  g r i d  wires w i t h o u t  i n t e r c e p t i o n .  I n  
t h i s  f i g u r e  t h e  s y s t e m  is i n f i n i t e  i n  t h e  d i r e c t i o n  p e r p e n d i c u l a r  t o  
t h e  paper  and t h e r e  i s  an  i n f i n i t e  p e r i o d i c  a r r a y  of i o n  beams and 
g r i d  wires,  of which w e  show o n l y  two p e r i o d s .  
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i n c l u d i n g  two-dimensional e f f e c t s  fo r  both e l e c t r o n s  and i o n s  f o r  such  a 
system. The e l e c t r o n s  i n  t h i s  c a s e  must n o t  o n l y  s l o w  themselves  down 
to  t h e  r i g h t  v e l o c i t y  and a d j u s t  the i r  r a t e  of f l o w  c o r r e c t l y  t o  p r o v i d e  
n e u t r a l i z a t i o n ,  b u t  a l s o  f i n d  t h e i r  way from t h e  emitters i n t o  t h e  beams 
spaced t r a n s v e r s e l y  from t h e  emitters, A s  s e e n  i n  F i g .  18, t h i s  is ex- 
a c t l y  what t h e  e l e c t r o n s  do, and a g a i n  the c r i t e r i o n  f o r  n e u t r a l i z a t i o n  
i s  s imply  t h a t  a s u f f i c i e n t  excess  e l e c t r o n  c u r r e n t  be provided .  One 
c o n c l u s i o n  from t h i s  beam n e u t r a l i z a t i o n  work seems to  be t h a t  n a t u r e  
l o v e s  a plasma t o  more o r  less the same e x t e n t  t h a t  s h e  a b h o r s  a vacuum. 
I n  t w o  dimensions,  charged p a r t i c l e s  a r e  t r e a t e d  a s  p a r a l l e l  rods. 
S i n c e  t w o  c o o r d i n a t e s  and t w o  v e l o c i t i e s  a r e  r e q u i r e d  t o  d e s c r i b e  each 
rod, the  number of p a r t i c l e s  which a g i v e n  memory can store is  o n l y  h a l f  
t h a t  f o r  t h e  one-dimensional sheet model. What i s  worse,  however, i s  
t h a t  these rods a r e  now d i s t r i b u t e d  o v e r  a two-dimensional a r e a  w h i l e  the 
sheets were d i s t r i b u t e d  a l o n g  a s i n g l e  l i n e  o n l y .  Hence t h e  l i n e a r  reso- 
l u t i o n  goes  down c o n s i d e r a b l y  when p a s s i n g  from the  one-dimensional t o  
two-dimensional models. 
I n  p r o c e s s i n g  t h e  r o d s  through t h e i r  dynamical e v o l u t i o n ,  i . e . ,  i n  
advancing each rod by one t i m e  s t e p ,  t h e  computing l a b o r  is  doubled ( i n  
comparison w i t h  the  sheet model),  b u t  t h e r e  a r e  no f u r t h e r  c o m p l i c a t i o n s .  
A magnet ic  f i e l d  p a r a l l e l  t o  t h e  a x e s  of t h e  r o d s  i s  r e a d i l y  taken  i n t o  
account  by c o u p l i n g  t o g e t h e r  t h e  t w o  components of motion: t h i s  c a s e  is  
impor tan t  s i n c e  t h e  migra t ion  of c h a r g e s  a c r o s s  magnet ic  f i e l d s  h a s  o f t e n  
p r e s e n t e d  p u z z l i n g  problems and m y s t e r i e s  i n  p h y s i c a l  d e v i c e s  such  a s  p l a s -  
mas and e l e c t r o n  t u b e s .  
However, the r e a l  s tumbling block i n  the  two-dimensional problem is 
the  c a l c u l a t i o n  of the  electric f i e l d  t h a t  a c t s  on e a c h  p a r t i c l e .  A t h e -  
o r e t i c i a n  may be s u r p r i s e d  t h a t  t h i s  step p r e s e n t s  d i f f i c u l t i e s ,  f o r  he 
knows the f i e l d  e q u a t i o n s  t o  be l i n e a r  while  t h e  dynamical e q u a t i o n s  i n  
c e r t a i n  forms,  a r e  n o t .  The d i g i t a l  computer,  on t h e  other hand, does 
n o t  care or  worry a b o u t  l i n e a r i t y .  
S e v e r a l  d i f f e r e n t  methods have been d e v i s e d  f o r  e v a l u a t i n g  the  f i e l d s .  
Perhaps  the most direct  method is to  sum a l l  the N-1 a c c e l e r a t i o n s  t o  
which each  of N c h a r g e s  i s  s u b j e c t e d ,  u s i n g  t h e  1/r law of force 
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a p p r o p r i a t e  t o  r o d s .  If t h e r e  a r e  e l e c t r o d e s  p r e s e n t  i n  which image 
c h a r g e s  a r e  induced, a f o r c e  law t a k i n g  i n t o  account  t h e  e n t i r e  a r r a y  
of images c r e a t e d  by a s i n g l e  rod  can be used i n s t e a d  of t h e  
For i n s t a n c e ,  when charges  move i n  a r e c t a n g u l a r  box w i t h  conduct ing  
w a l l s ,  t h e  law of force i n v o l v e s  e l l i p t i c  f u n c t i o n s ,  
l/r law. 
T h i s  method was used w i t h  success i n  an  e l e c t r o n  t u b e  problem by 
Kooyers and H u l l  a t  L i t t o n  I n d u s t r i e s ,  Of t h e  o r d e r  of 100 r o d s  were 
t r a c e d  i n  t h e i r  mutual ( p l u s  a p p l i e d )  f i e l d s ,  and t h e i r  motion was 
e v e n t u a l l y  d i s p l a y e d  i n  a movie. T h i s  gave c o n s i d e r a b l e  i n s i g h t  i n t o  
t h e  o p e r a t i o n  of t h e  tube .  
However, when it comes t o  p r o c e s s i n g  t h e  lo4 r o d s  t h a t  a l a r g e  com- 
p u t e r  can s tore ,  t h i s  method i s  too slow. I t  would, i n  t h e  example 
mentioned, r e q u i r e  t h e  computat ion of some lo8 e l l i p t i c  f u n c t i o n  v a l u e s  
a t  each s t e p !  
The method i s ,  i n  f a c t ,  a l s o  t o o  a c c u r a t e .  I t  t r e a t s  each  rod  a s  a 
( s i n g u l a r )  l i n e  charge  and one o f t e n  sees close c o l l i s i o n s  between two 
such  l i n e  charges  i n  t h e  model due t o  t h e  tremendous f o r c e s  a t  close 
range .  A rod  is b e t t e r  t r e a t e d  a s  an extended d i s t r i b u t i o n  of c h a r g e  i n  
which t h e  l /r  law is  c u t  o f f  a t  s m a l l  r a d i i  and t h e  "blows" a r e  s o f t e n e d .  
One t h e r e f o r e  t u r n s  t o  t h e  a l t e r n a t i v e  of p r e p a r i n g  a smoothed r e c o r d  
of p o t e n t i a l s  o r  f i e l d  components b e f o r e  u s i n g  them f o r  t h e  a c c e l e r a t i o n  
of i n d i v i d u a l  rods .  The p o t e n t i a l  i s  r e l a t e d  t o  t h e  c h a r g e s  by P o i s s o n ' s  
e q u a t i o n  and a good d e a l  of r e s e a r c h  h a s  gone i n t o  t h e  numer ica l  s o l u t i o n  
of t h i s  equat ion .  
The methods for s o l v i n g  P o i s s o n ' s  e q u a t i o n  have ,  i n  g e n e r a l ,  been 
i t e r a t i v e  methods. They a r e  based on t h e  " r e l a x a t i o n  procedure"  i n  which 
errors a r e  g r a d u a l l y  c o r r e c t e d  a f t e r  an i n s p i r e d  i n i t i a l  g u e s s  is made of 
t h e  f i e l d .  H i s t o r i c a l l y ,  t h i s  method was f i r s t  a p p l i e d  t o  t h e  e q u a t i o n  
f o r  t h e  stress s y s t e m  i n  an e l a s t i c  s o l i d .  T h i s  e q u a t i o n  1s S i m i l a r  t o  
P o i s s o n ' s  and the  errors which one corrects can be p h y s i c a l l y  i n t e r p r e t e d  
a s  unbalanced l o c a l  stresses. Hence, t h e  name " r e l a x a t i o n  method". A 
complete  c a l c u l a t i o n  of t h e  charge-flow i n  an ion  or e l e c t r o n  gun i n v o l v e s ,  
i n  t h i s  procedure ,  t w o  k i n d s  of i t e r a t i o n - - o u t e r  l o o p s  i n  which t h e  o r b i t s  
a r e  r e t r a c e d  through b e t t e r  and b e t t e r  f i e l d s  and a set Of i n n e r  loops  i n  
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which, from a given charge distribution, the field is calculated to better 
and better accuracy using guesses, or previous data, as a start. 
For the purpose of resolving the more interesting two-dimensional 
plasma problems, in which fluctuations seem to play a dominant part, this 
method had to be discarded in favor of a faster method of direct calcu- 
lation. This could be done at the cost of restricting severely the shapes 
of the boundaries that can be taken into account. At first, the direct 
method was in fact restricted to a rectangular box geometry for the 
boundary surfaces, later it was possible to introduce electrodes into 
the model which do not form part of the basic rectangular box. The key 
to solving Poisson's equation by a direct method was Fourier analysis. 
The rectangular box was subdivided (as in the above mentioned relaxation 
schemes) into a fine mesh and records were compiled of how many rods, 
i.e., how many units of charge, fall into each small square. Typically, 
we have used 48 by 48 mesh points in a large square box of plasma, i.e., 
2304 mesh points. 
The record of charges is now Fourier analyzed across one dimension. 
Since in Poisson's equation all Fourier components remain uncoupled from 
each other, one has effectively reduced the step of calculating potentials 
from charges to a set of one-dimensional problems--as many as there are 
Fourier components, i.e., as many as there are mesh points across one side 
of the large rectangle. Eventually, the total potential has to be Fourier- 
synthesized from the components obtained from the charge distribution. 
exact, noniterative potential distribution is thus obtained. Fourier anal- 
ysis of the charge records and Fourier synthesis of the potential are the 
most time-consuming operations in this procedure. By very careful plan- 
ning, and by utilizing all the symmetries of sines and cosines, R. Hockney 
at Stanford University was able to develop an overall program for solving 
Poisson's equation about 10 times faster than the best known iterative me- 
thod. 
2304 potential data for the mesh points within 0.9 sec on a standard IBM 
7090. 
An 
His program will convert the 2304 charge data to the corresponding 
This really opens the opportunities for step-by-step transient two- 
dimensional calculations. Orbits of several'thousand particles are 
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upgraded a l s o  w i t h i n  a t i m e  of t h e  order of  a second,  and so a t w o -  
d imens iona l  plasma model can be traced w i t h  t o l e r a b l e  speed. 
F i g u r e s  19 and 20 are examples of the  r e s u l t s  of some two-dimensional 
c a l c u l a t i o n s  made by R. Hockney i n  which an  e l e c t r o n  beam i s  s h o t  i n t o  a 
plasma and a t  f i r s t  manages t o  p e n e t r a t e  i t  smoothly,  t h e r e  b e i n g  no s i g -  
n i f i c a n t  c o l l i s i o n s  between beam and plasma p a r t i c l e s .  However, t h e  beam 
soon begins  t o  agi ta te  t h e  plasma e l e c t r o n s  and t o  create growing osc i l -  
l a t i n g  c h a r g e  f l u c t u a t i o n s  and e l e c t r i c  f i e l d s .  E v e n t u a l l y  these d i s -  
o r d e r e d  f i e l d s  d e s t r o y  t h e  beam b e f o r e  i t  can r e a c h  t h e  f a r  s i d e  of t h e  
r e g i o n  i n v e s t i g a t e d  i n  t h e  experiment ,  
BEAM-GENERATED PLASMAS 
If a n  e l e c t r o n  beam i s  s h o t  i n t o  a g a s  i t  w i l l  i o n i z e  t he  g a s  a toms,  
provided  t h e  beam energy exceeds t h e  i o n i z a t i o n  energy  which i s  t y p i c a l l y  
of the  o r d e r  of 20  v o l t s .  The g a s  atoms s p l i t  i n t o  e l e c t r o n s  and i o n s  and 
these created par t ic les  f l o w  t o  the  walls of whatever  v e s s e l  c o n t a i n s  t he  
g a s .  There they  recombine a t  a rate e q u a l  t o  the  rate of c r e a t i o n ,  i n  a 
s t e a d y - s t a t e  d i s c h a r g e .  A plasma can be created i n  t h i s  manner w i t h  a 
d e n s i t y  that  i s  thousands of t i m e s  the p a r t i c l e  d e n s i t y  of t h e  beam. T h i s  
i s  e x a c t l y  t h e  p r o c e s s  t h a t  t a k e s  p l a c e  i n  an  o r d i n a r y  dc d i s c h a r g e ,  w i t h  
t he  ca thode  f a l l  r e g i o n  p r o v i d i n g  t h e  a c c e l e r a t i n g  p o t e n t i a l  for t he  beam. 
I t  has also been a s u b j e c t  of c u r r e n t  i n t e r e s t  w i t h  k i l o v o l t  e l e c t r o n  
beams b e i n g  i n j e c t e d  from s o u r c e s  e x t e r n a l  t o  t h e  plasma. 
The  same two-stream i n s t a b i l i t y  d i s c u s s e d  i n  a p r e v i o u s  S e c t i o n  can 
o c c u r  i n  a beam-generated plasma between the  e l e c t r o n s  of t h e  beam and the  
e l e c t r o n s  of t h e  plasma g e n e r a t e d  by t h e  beam. I t  i s  expec ted  t h a t  t h i s  
i n s t a b i l i t y  w i l l  be the  dominant mechanism f o r  s t o p p i n g  the  beam. By the  
same token,  t h e  plasma e l e c t r o n s  are h e a t e d  by t h e  beam, and t h e r e  i s  a l s o  
t h e  p o s s i b i l i t y  of h e a t i n g  t h e  i o n s  by the  Same mechanism. I t  t h e r e f o r e  
a p p e a r s  t h a t  t h i s  may be a p o s s i b l e  method f o r  s u p p l y i n g  energy  t o  a t h e r -  
monuclear plasma, as a s t a r t i n g - t o r c h  SO t o  speak .  I t  may a lso have i m -  
p o r t a n t  a p p l i c a t i o n s  i n  t he  area of microwave power g e n e r a t i o n .  
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F I G .  19. E l e c t r o n  t r a j e c t o r i e s  shown i n  two-dimensional s p a c e  for  an 
e l e c t r o n  beam s h o t  i n t o  a plasma. The p a s s a g e  of one u n i t  of t i m e  
i s  i n d i c a t e d  by t h e  d i s t a n c e  between t h e  d o t s .  The beam e l e c t r o n s  
t r a v e l  downward and a t  t h i s  p o i n t  i n  t i m e  r e a c h  t h e  w a l l  which is a 
conduct ing  p l a n e  a t  Y = 0 o p p o s i t e  t h e  i n j e c t i o n  p l a n e  a t  Y = 48 
which i s  a l s o  a conduct ing p l a n e .  The plasma e l e c t r o n s  t h a t  a r e  
shown move o n l y  a s m a l l  d i s t a n c e  n e a r  t h e  i n i t i a l  p o s i t i o n  
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FIG. 20. The same problem a t  a la te r  t i m e .  The beam h a s  been s topped  
by t h e  plasma and  t h e  plasma e l e c t r o n s  have  been v i o l e n t l y  d i s t u r b e d .  
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A s  i n  the o t h e r  problems w e  have d i s c u s s e d  there i s  a s ta t ic  t h e o r y  
f o r  a plasma formed i n  t h i s  manner, b u t  n o t  i n c l u d i n g  t h e  effect of t h e  
beam. The s t a t i c  t h e o r y  i n  t h i s  case assumes t h a t  somehow t h e  plasma 
e l e c t r o n s  have managed t o  get themselves  i n t o  a random Maxwellian v e l o c i t y  
d i s t r i b u t i o n  c e n t e r e d  around ze ro ,  a l t h o u g h  t h e y  are c r e a t e d  w i t h  i n i t i a l  
v e l o c i t i e s  i n  a r e l a t i v e l y  narrow range  c e n t e r e d  around a v e l o c i t y  of t h e  
o r d e r  of t h e  i o n i z a t i o n  p o t e n t i a l .  
However, t h e  s t e a d y - s t a t e  r e s u l t  need n o t  be  a static one,  n o r  a 
t r u e  e q u i l i b r i u m  c o n d i t i o n .  The computer experiment  t echn ique  seems t o  
be w e l l  s u i t e d  t o  t h i s  problem and work i n  p r o g r e s s  a t  S t a n f o r d  by one of 
t h e  a u t h o r s  and A. S. Hals ted  i s  aimed a t  s t u d y i n g  t h e  e f f e c t s  of c r e a t i n g  
cha rges  w i t h  non-Maxwellian v e l o c i t y  d i s t r i b u t i o n s  and a l s o  t h e  e f f e c t s  of 
beam i n t e r a c t i o n s  i n  a plasma c r e a t e d  by the  beam. A rather i d e a l i z e d  one- 
d imens iona l  model has  been s t u d i e d  i n  which e l e c t r o n s  and i o n s  are c r e a t e d  
uni formly  throughout  a d iode  w i t h  z e r o  i n i t i a l  i o n  v e l o c i t i e s  and w i t h  
e l e c t r o n s  c r e a t e d  a l l  at t h e  same i n i t i a l  speed b u t  w i t h  a randomly chosen 
d i r e c t i o n  e i t h e r  t o  r i g h t  o r  l e f t .  F i g u r e  2 1  shows t h e  p o t e n t i a l  i n  t h e  
d iode  as a f u n c t i o n  of d i s t a n c e  f o r  a number of d i f f e r e n t  t i m e s ,  as ob- 
t a i n e d  from t h e  computer. Also i n d i c a t e d  is  t h e  s t a t i c  t h e o r y  p r e d i c t i o n .  
A s  i n  t h e  o t h e r  cases we have d i s c u s s e d ,  a t ime-varying p o t e n t i a l  i s  ob- 
t a i n e d ,  t h e  o s c i l l a t i o n s  occur r ing  i n  two f r equency  r a n g e s ,  one n e a r  t h e  
e l e c t r o n  plasma f r equency  and one n e a r  t h e  i o n  plasma f requency .  F i g u r e  
22 shows the t o t a l  number of cha rge  s h e e t s  i n  t h e  d iode  as a f u n c t i o n  of 
t i m e  a l o n g  w i t h  t h e  p o t e n t i a l  a t  p a r t i c u l a r  p o s i t i o n s  i n  t h e  d i o d e  as a 
f u n c t i o n  of t i m e .  I t  w i l l  be seen  t h a t  t he  t o t a l  number of plasma par t i -  
cles r a p i d l y  r eaches  a n e a r l y  c o n s t a n t  v a l u e  bu t  w i t h i n  the d i o d e  t h e r e  
are c o n t i n u i n g  f l u c t u a t i o n s .  
Th i s  example i n d i c a t e s  one of a number of new d i r e c t i o n s  b e i n g  taken  
i n  t h i s  f i e l d ;  h e r e  t h e  new element  is t h a t  of cont inuous  cha rge  c r e a t i o n  
w i t h i n  t h e  r e g i o n  of i n t e r e s t .  
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CONCLUDING REMARKS 
A f t e r  surveying  o n l y  s u p e r f i c i a l l y  t he  v a r i e t y  of computer e x p e r i -  
ments t h a t  have been c a r r i e d  o u t  h i t h e r t o ,  one g e t s  t h e  impress ion  t h a t  
w e  a r e  a t  the  t h r e s h o l d  of a new e r a  of r e s e a r c h .  Almost e v e r y  t i m e  t h a t  
a computer experiment  h a s  been c a r r i e d  o u t  s e r i o u s l y  i t  has  y i e l d e d  s u r -  
p r i s i n g  and s i g n i f i c a n t  answers .  A l m o s t  i n v a r i a b l y  t h e  exper iments  have 
provided  deeper  i n s i g h t .  O f t e n ,  as i n  t h e  case of t h e  t h e r m i o n i c  d i o d e ,  
a q u a l i t a t i v e  or  even an  a n a l y t i c a l  q u a n t i t a t i v e  t h e o r y  has been deduced 
from one or s e v e r a l  computer exper iments  which a l lowed one t o  g u e s s  what 
are t h e  s i g n i f i c a n t  e f fec ts  and what i s  the  c o r r e c t  way of l o o k i n g  a t  a 
problem. A t  times, such  e n l i g h t e n e d  d e d u c t i o n s  from t h e  f i r s t  f e w  r u n s  
i n  a series rendered  unnecessary  a l l  f u r t h e r  r u n s  which c o u l d  i n s t e a d  b e  
p r e d i c t e d  by  i n s p i r e d  e x t r a p o l a t i o n .  
I t  i s  clear tha t  computer exper iments  w i l l  grow i n  number and i m -  
p o r t a n c e ,  n o t  on ly  because of t h e i r  i n t r i n s i c  v a l u e  and s u c c e s s ,  bu t  a l s o  
because computers w i l l  g e t  b i g g e r  and fas ter ,  a l l o w i n g  more complex S i m U -  
l a t i o n s  t o  be made. 
One e n c o u n t e r s ,  a t  times, a p r e j u d i c e  a g a i n s t  computer exper iments .  
P a r t l y ,  such  p r e j u d i c e  i s  based on mathemat ica l  snobbery  ( t h e  formal de- 
s c r i p t i o n  of t h e  s k i n  e f f e c t  i n  B e s s e l - f u n c t i o n s  of complex argument 
e n j o y s  h i g h e r  p r e s t i g e  t h a n  a few graphs  showing how i t  a c t u a l l y  goes!) .  
But o f t e n  one h e a r s  t h e  complaint  t h a t  a computer can a t  b e s t  s a y  " t h i s  
i s  how i t  happens" and n e v e r  " t h i s  is w h y  i t  happens".  
produced here should s u f f i c e  t o  answer t h i s  c o m p l a i n t .  The  mere f ac t  
t h a t  t h e  computer w a s  able to  produce  the  tlhowtf h a s ,  many t imes ,  t o l d  
u s  t h e  "why". Moreover, some u s e r s  of devices--such as i o n  engines--do 
n o t  want t o  know why a d e v i c e  works,  t h e y  j u s t  want t o  b e  s u r e  t h a t  i t  
does work. F i n a l l y ,  i f  a computer merely r e p r o d u c e s  and  e x e c u t e s  t h e  
laws of Newton a n d  Maxwell, t h e n  i t  has done i t s  job of p r o v i n g  t h a t  t h e s e  
laws are t h e  reason  why and tha t  t h e r e  i s  no f u r t h e r  mystery  t o  worry 
a b o u t ,  
The examples -
So f a r ,  computer  exper iments  have s u c c e s s f u l l y  confirmed a c t u a l  
p h y s i c a l  experiments  and o b s e r v a t i o n s  i n  terms of known basic l a w s .  
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Surprises have only come in the form of events that our inability to 
cope with over-complex situations had prevented us from foreseeing. 
A real discovery would be an unsuccessful computer experiment. 
When all the known interactions and initial data fed into computers fail 
to reproduce the physical observations, then we shall have to ask the 
computer to tamper with the laws of nature! 
Y 
s 
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